Microlocal properties of sheaves and complex WKB. 



Abstract 

Kashiwara-Schapira style sheaf theory is used to justify analytic continuability of solutions of 
the Laplace transformed Schrodinger equation with a small parameter. This partially proves the 
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description of the Stokes phenomenon for WKB asymptotics predicted by Voros in 1983. 

Ph 1 Introduction 

In this paper we are going to study the following PDE on one unknown function ^ in two complex 
^ variables x,s: 

' ' -^^^ + V{x)^ss = 0, (1) 

where V{x) is a given polynomial; the weakest possible assumptions on V{x) will be formulated in 
in Sec l2ni 
CN 

^T) This equation is related to the Schrodinger equation 



^ -h^di'il^{x,h) + V{x)i;{x,h) = (2) 

by means of the Laplace transform 1/h i— )• ds- According to resurgent analysis, the analytic behavior 
of "^{x,s) determines quasi-classical asymptotics of solutions of 

• ^ A multivalued solution ^' of (IT]) can be specified by means of prescribing its initial values. Our problem 
^ is now as follows. Consider a class of initial value problems for ([T]) with a fixed type of the analytic 
behavior of the initial data; we are to find a manifold where solutions of these problems are defined. 



1.1 Cauchy problem 

We study the Cauchy problem for ([T]) of the following type. We fix a point xq ^ C and prescribe 
^{xq,s) = ipois) and ^^^^^r^\x=xo = ipi{s) as multivalued analytic functions of s. Let us now give a 
more precise account. 
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1.1.1 Initial data 



Fix an acute angle a € (0, 7r/2). Let S^^ := (0, c«) x (—a, a + 27r) be an open sector of aperture 27r + 2a. 
Let 'KSa : •S'a — )• C be the covering map 7r5'^(r, </>) := re"'^. The map vr^^ induces a complex structure 
on So. so that tt^^ is a local biholomorphism. The initial conditions are given by two holomorphic 
functions 

■00 and on 5o. (3) 



1.2 Multi- valued solution to a multi- valued Cauchy problem 

We first fix a complex surface S along with a local biholomorphism : 5 — >■ C x 
map 

/i : /Sq, — )• 5 

fitting into the following commutative diagram 



Let us also fix a 
(4) 




where z^^q : C — )■ C x C is given by the formula ix^i^s) = (xq, s). 

The equation ([T]) gets transferred onto S by means of a local biholomorphism . Call this equation 
"the transferred equation". 

The coordinates (x, s) on C x C give rise to local coordinates on S. Given a function ^ on 5, we then 

have a well defined derivative — — as a holomorphic function on S. 

ox 

We say that a solution ^' of the transferred equation is a solution of the Cauchy problem with initial 

data ( 5j on 5, if ^' o /i = -^q; — — oh = ipi. 

ox 



1.3 Formulation of the result 

Our main result is a construction of a complex surface S and a map /i as in Q, such that for every 
choice of the initial data, there exists a unique solution ^ of the Cauchy problem on S. 



We prove (Sec. 3.16) that the surface S is "extends infinitely in the direction of where X G C is 

{re''f';r>0;-a<(p<a}. (5) 



the following cone: 



K 



Let us give a more precise formulation. Fix a point x £ C such that V{x) ^ 0. Consider a one- 
dimensional complex manifold := p^^{x x C), where the projection onto x x C gives a local 
biholomorphism : 5^ — )• C. Let U C C be an open parallelogram whose sides are parallel to 
vectors e*" and e~*°. Let o" : U — )• 5^ be a section of P^. Let also r_Q, C .ftT be the ray [0, (X)).e~*". 

We prove that 
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Theorem 1.1 There exists a set F C C satisfying: 

1) for every point s £ C, the intersection (s — K) OT is at most finite, 

5; UC (U + A')\(r + r_,); 

3) a extends uniquely onto (U + K)\{T + r_Q,). 



This theorem is proved in Sec 3.16: it easily follows from Theorem 3.12, as explained after its formu- 
lation. 



Theorem 1.1 assumes existence of a nonempty set U and a section a; this fact is the content of the 
theorem 13.121 

Our construction of 5, as well as the proof of the above Theorem |1.1[ are based on sheaf-theoretical 
methods |KSj . The relation between linear PDEs and sheaves is well known and consitutes the subject 
of Algebraic Analysis. Our paper is also motivated by the classical work of Voros [V831 Sec. 6] where 
an explicit description singularities of solutions of was derived heuristically, see |V83j . p. 213, line 
15 from the bottom; additional insights came from |ShSt] and |G09| . Important works on this problem 
using methods of hard analysis include |AKT9lj and |KKllj . 

In the next subsection, we will briefly describe the idea of our sheaf-theoretic approach. 



1.4 Introducing sheaves 

We start with introducing a covering space X of C, and defining the so-called action function on X. 



1.4.1 A covering space X 

Let TP be the set of zeros of V{x) - "turning points" of V{x). We assume throughout the paper that 
TP is finite. We also assume xq TP. Let X be the universal covering of C\TP. We can choose a 
determination of y^V{x) and its primitive S{x) = y/V{OdS, on X. It will be more convenient for 
us to use the notation z := S{x). Since dS{x) is nowhere vanishing on X, we can use z as a local 
coordinate on X. As above, we denote by s the coordinate on C, so that {z,s) are local coordinates 
on X X C. 

Equation ([T]) gets transfered onto X x C and in the coordinates {z, s) it looks as follows: 

- + ^-.^ + l.o.t. = (6) 

where l.o.t. stands for a differential operator of order < 1 applied to ^. We now pass to a sheaf- 
theoretical consideration. 



1.4.2 Solution sheaf and its singular support 

Let Sol be the solution sheaf of ([6]). According to [KSl Th.11.3.3], the singular support of Sol is of a 
very special form which is determined by the highest order term of ^ (see Sec. 3.2 for more details). 
More specifically, let (z, s, (dz + ads) be local coordinates on T*{X x C). Then 

S.S.Sol C fix ■= {{z, s, (dz + ads) : C = cr or = — a}. (7) 
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It turns out that this condition contains enough information on Sol in order to deal with solving the 
Cauchy problem. In fact, at this stage, we abstact from our PDE, and only remember that its solution 
sheaf has its singular support as specified. 



1.4.3 Initial value problem in sheaf-theoretical terms 

Choose and fix a preimage xq G X oi xq. Define a map g : Sa ^ X x C hy setting g{s) := (xq, irsa (*))• 
Cauchy-Kowalewski theorem implies that the initial conditions ([s]) are in 1-to-l correspondence with 



elements oiT{Sa,g ^Sol), see Sec. 3.3 for more detail. 

As explained in the same Sec, the latter group can be identified with Homxxc(-R5!^Sa [— 2], 5o/). 
Therefore, the initial data ([3]) can be interpreted as a map 

: Rg,ZsJ-2] ^ Sol, (8) 



see (22). 



1.4.4 Semi-orhogonal decomposition of Rg\Ijs^[—2]. 

Let D(XxC) be the bounded derived category of sheaves of abelian groups on XxC. Let C C D(XxC) 
be the full triangulated subcategory consisting of all objects whose singular support is contained in 
fix as in 0. Let -^C C D(X X C) be the so-called left semi-orthogonal complement to C, i.e. a full 
subcategory consisting of all objects Y such that Rhom{Y, X) = for all X gC. We prove 

Theorem 1.2 1) There exists the following distinguished triangle in D(X x C).' 

^ RgiZsJ-2]H<^>^6^ 

where <I> G C, 5 S -^C ( "semi-orthogonal decomposition" ) ; 

2) Stalks of ^ at every point of X x C have no negative cohomology. 



This theorem coincides (up-to slight reformulations) with Theorem 3.2, The object ^ and the map 



i$ : Rg\'IjSa[~'^] ~^ ^ constructed in Sec 3.6 3.13 The bulk of the paper (Sec. |4j-Sec. [6]) is devoted 



to showing that the constructed object ^> and a map z$ satisfy the above theorem. 



It is well known that the distinguished triangle in part 1 of Th 1.2 , if exists, is unique up to a unique 



isomorphism, meaning that $ is defined uniquely. It also follows that the precomposition with 

iq>:o- : R^}lomxxc{^,Sol) R'^ Rom{RgiZsJ-2], Sol) 
is an isomorphism of groups. This implies that the map m^, cf. ([s]), uniquely factors as follows: 

RgiZsJ-2] Sol. 



Let $0 '■= T<o^. Condition 2) of Theorem 1.2 implies that $o is a sheaf of abelian groups. We have 
a composition 

(m^)o : ^>o ^ ^ Sol. 
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1.4.5 Etale space of <I>o and solving the initial data problem 



Let S' be the etale space of $o- We have a local homeomorphism pgi : 5' — t- X x C so that we 
have a unique complex structure on S' making p^/ into a local biholomorphism. It turns out, that 
the map (m^)o gives rise to a solution of the transferred equation on S' . Indeed, every such a 
solution can be equivalently described as an element in ^ G T{S';p^}Sol). We also have a canonical 
section p G r{S';pg}^o) (by the construction of the etale space); the map (m^)o induces a map 
u : p^}^o — )• p^^Sol, and we set ^ := h'{p). 



It is now straigtforward (Sec. 3.5.2) to prove that thus constructed solution ^' is a solution on S' of 
the Cauchy problem with the initial data ([s]). 

By choosing an appropriate connected component S of S' we finish the construction. 

2 Conventions and Notations 

Throughout the paper, we fix an acute angle a G (0,7r/2). 

2.1 Various subsets of C 

We introduce the following subsets of C: 

— K is the closed cone consisting of all complex numbers whose argument belongs to [—a, a], 
including 0; 

— r„ :=e^°.[0,oo); r_„ :=e-*".[0,oo); 

2.2 Sector Sa 

We set Sa '■= {t £ C : —a < Im r < 27r + a}. Let vr^^ : — >• C be the map given by vr5'^(r) := e"^. 
Some complex analysts call Sa an etale open sector with aperture 27r + 2a. 

2.3 Potential V{x). Stokes curves. Assumptions 

Throughout the paper, we fix an entire function V{x) on C. We assume that V{x) has only finitely 
many zeros which are traditionally called 'turning points'. 



The conditions in Sec |2.3.2 below will be also assumed throughout the paper. 



2.3.1 Stokes curves and further assumptions 

Let w £ C, V{w) = be a A;-fold zero of V{x). We define an a-Stokes curve z{t), < t < C , 
emanating from w as follows: 

— z{t) is a smooth curve with z{0) = w and —V{z)[dz/dt)'^ G e^*"M>o. 

The following facts are well known, |EvFej . 

1) There are exactly k + 2 a-Stokes curves emanating from w. 
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2) One can choose C (to be a positive real number or +00) in such a way that either z{C) := hm 

coincides with another turning point of V{x), or z(C) = 00. In the latter case we say that the Stokes 
curve terminates at infinity. 

2.3.2 Further assumptions 

We will assume the following properties of V{z). 

a) All a- and (— a)-Stokes curves terminate at infinity. 

b) Every a-Stokes curve intersects only finitely many — a-Stokes curves, and every (— a)-Stokes curve 
intersects only finitely many a-Stokes curves. 

It is well known in the complex WKB theory that for every polynomial V{x) one can find an a 
satisfying these assumptions. 

2.4 Universal cover X 

Let U be the complement in C to the (finite) set of turning points of the potential V{x). a-Stokes 
curves split U into regions called a-Stokes regions; similarly, one can define — a-regions. Throughout 
the paper, we denote by X the universal cover of U, and by px : X ^ U ^ C the covering map. 

2.5 Initial point xq 

We fix a point xq £ X. We assume that px{xo) does not belong to any of a- or —a-Stokes lines. 

2.6 Action function on X 

Fix a choice of y^V{x) on U and a function 



It follows that dz is nowhere vanishing, i.e. 2: is a local coordinate near every point of X. The function 
z has the meaning of the action function. We use the notation z because z will play the role of a local 
coordinate on X. The function z should not be confused with the map map px : X — ?■ C. 

2.7 Subdivision of X into a-strips 

Let P C be a closed a-Stokes region on U, that is, P is one of the regions into which the complex 
plane C is subdivided by a-Stokes curves. 

Let us now switch to the universal cover p : X ^ U. It follows that p^^P splits into a disjoint union 
of its connected components P = H^grp -^7' where p : Py — )• P. Call each such (for every a-Stokes 
region P) an a-strip. By [EvFet §2.2], the function z maps each a-strip homeomorphically into a 





(9) 



6 



Im{'C,i^e "^)<I m{ze '")<Im{^^e 



Im{l^^e '")<Im{ze '") 



Im{ze "^)<I m{X,,e 



Figure 1 : Three types of a-strips 

generalized strip on C, i.e. a subset of C of one of the following types, fig. [T] Here the removed points 
Qt, Cb correspond to the turning points of V{x). 

Throughout the paper a-strips will be denoted by means of the letter P with different subscripts. We 
will often identify a strips with their images in C under z. 

2.7.1 Weakest Possible Assumptions on V{x) 

The results and proofs of our paper also hold true for any entire function V{x) with finitely many 
zeros, satisfying the following condition that corresponds to Condition A of jEvFel §2.2]: 

lim [^(a;)! = oo 
for any curve C in C satisfying arg S{x) = ita. 

2.7.2 Boundary rays 

Let Pi, i-*2 be a-strips and PiD P2 ^ 0. Then ^ = Pi n P2 is a ray on X which is identified by means 
of z with either c{£) + e*".(0, 00) C C or c(i) — e*°^.(0, 00) C C, where c{i) is a complex number. We 
denote by the set of all such rays, to be called boundary a-rays. Every boundary a- ray belongs to 
the boundaries of exactly two a-strips; the boundary of every a-strip is a disjoint union of boundary 
a-rays. Boundary a-rays will be often denoted by the letter i with different subscripts. 

We say that a boundary a-ray i goes to the left if its image under z is c{i) — e*".(0, c«). Otherwise we 
say that a boundary a-ray i goes to the right. Accordingly, we get a splitting = £^f^. U >C"jghf 

2.7.3 Strips form a tree 

Consider a graph whose vertices are a-strips and we join two distinct vertices with an edge if the 
corresponding strips intersect (along some boundary a-ray). Since X is simply connected, it follows 
that this graph is a tree. 
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Figure 2: Intersection of an a-strip with several (— a)-strips. Thick gray hnes indicate branch cuts 
arising from the many sheets of the projection X ^ Cx- 

2.8 (-«)-Strips 

One has a similar decomposition of X into (— a)-strips which are defined based on — a-Stokes regions 
of X. Throughout the paper, — a-strips will be denoted by means of the letter 11 with different 
subscripts. Similar to above, every —a-strip is homeomorphically mapped under z into a generalized 
strip whose each boundary ray is parallel to the line e~*°.M. We define boundary —a rays in a similar 
way (as intersection rays of two —a-strips). The function z identifies each boundary ray (. with either 
c{t) + e~*".(0,oo) (we then say £ goes to the right), or c{t) — e~*".(0,oo) (£ goes to the left). We 
denote the set of all boundary — a-rays by We have a splitting = U C'^■^^^^. Bounday 

— a-rays will be denoted by the letter d. with various subscripts. 

2.9 Interaction of a and — «-strips 

Choose a (red) a-strip and look at all (— a)-strips (blue) that intersect it. These (— a)-strips cut the 
a-strips into parallelograms and two semi-infinite parallelograms, e.g., fig. [2| 

2.10 Categories 

For a topological space M, we denote by D(M) the bounded derived category of sheaves of abelian 
groups on M. 

2.10.1 Sub-categories C^; ^C^ 

Let y be a one dimensional complex manifold equipped with a local biholomorphism z : y — ?• C. For 
example, Y = X. 

We then refer to points of T*{Y x C) as follows (y, s, C,dz, ads), where y G Y , s £ C and C,a £ C, so 
that {y,s) GY X C and (C, cr) define the following real 1-form on y x C: 

{Cdz + Cdz + ads + ads) /2. 
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Let us fix a closed subset C T*{Y x C) to consist of all points (y, s, a), where ( = ±a. 

We denote by C D(y x C) the full triangulated subcategory consisting of all objects F with 
S.S.(F) C . We denote by -^C^ C D{Y x C) the full subcategory consisting of all objects G such 
that Rhom{G, F) = for ah F e . 



2.11 Sheaves 

Let y be a topological space endowed with a continuous map z : Y ^ C liYcX, then we always 
assume that z : y — )■ C is the restriction of the action function z : X — t- C. We define the following 
sheaves on y x C: 

Ay+ := Ay" := Z{(y,s)\s-z{y)eK}- 



3 Statement of the problem and Main resuts 

We start this section with giving a precise formulation for the problem of analytic continuation of 
solutions to ([T]). It turns out to be more convenient to transfer this PDE to X x C by means of the 
covering map px : X — t- C. 

Next, we give a sheaf-theoretical reformulation of the probem, and explain how the solution (i.e. a 
complex surface S along with a local biholomorphism ps : 5 — t- X x C) can be deduced from of a 
certain semi-orthogonal decomposition Theorem |3.2[ The rest of this section is devoted to proving 
basic properties of S modulo Theorem |3.2[ namely Hausdorffness and infinite continuabilty in the 
direction of K, which are the main results of this paper. To this end we need an explicit construction 
of the distinguished triangle of the semi-orthogonal decomposition in Theorem |3.2[ This triangle is 
obtained via combining four other distinguished triangles. 



It now remains to prove Theorem 3.2 which is now reduced to showing that each of the above 
mentioned four triangles (and hence the combined triangle) gives a semi-orthogonal decomposition. 
This is done in the rest of the paper. 



3.1 Transfer of the equation + V{x)'^ss = to X x C 

Our main equation ([T]) can be transferred to X x C via the covering map p x Idc : X x C — )• Z// x C. 
We will use the action function z on X as in ([9j). Recall that z is a local coordinate near every point 
of X. Our notation is summarized in figj3| 

It is easy to see that the transferred equation has the following form 

-^,, + ^ss + l.o.t = 0, (10) 
where l.o.t stands for the differential operator of order < 1 applied to ^. 

Let Sol be the sheaf of solutions of our transferred equation: Sol is a sheaf of abelian groups on X x C. 
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Figure 3 



3.2 Singular support of the solution sheaf Sol 

It is well known that to every linear PDE on a manifold M one can put into correspondence a "Dm- 
module, where Dm is the sheaf of differential operators on M; the solution sheaf of the PDE will then 
match with the solution sheaf of the Pm module. 



In our situation, let us rewrite the equation (10) in the form L"^ = for an appropriate linear 
differential operator L on X x C. Define a PxxC-™odule Ai as follows 

We then have an obvious isomorphism 

Sol^'Homv^^,^{M;Oxxc)- (11) 



Indeed, every solution of (10) on an open subset U C X x C gives rise to a PxxC-™odule map 

where l^(T) := T'^. Then, for any T' G DxxciU), 1^{T'L) = T'L^ = 0. Hence, l^, descends to a 
map 

l-i, : M\u ^ Oxxic\u, 



which determines the map (11). It is straightforward to see that thus constructed map (11) is in fact 
an isomorphism of sheaves. 

The usefulness of this fact comes from a Kashiwara-Schapira's theorem on singular support of the 
object 

RHomv^^ci^] Oxxc) G D(X x C) (12) 
(derived solution sheaf oi Ai). Let us now prove that this object is quasi-isomorphic to Sol. 



The object (12) can be conveniently computed by means of the following free resolution 7^ of A^: 

(7^) : ^ Pxxc A Pxxc ^ 0, 

where the map A is as follows: A(T) = TL. We obtain that the object "Homx^^f xj,(A^; Oxxc) is 
represented in T)^{X x C) by the two term complex 



nomvx^ci'^;Ox 



xC) 



10 



which is the same as 

O^OxxcAOxxC^O. (13) 

It is classically known, e.g. |Schl Th.3.1.1], that the action of the operator L is locally surjective, 
meaning that we have a short exact sequence of sheaves 







Sol Ox 



xC 



Ox 



xC 



0. 



This means that the complex of sheaves ( 13 ) is quasi-isomorphic to Sol so that finally 

Sol ^ RliOT^v^ A^-^ Oxxc)- 



Kashiwara-Schapira's theorem ^KS,. Th.11.3.3] says that the singular support of the object (12) equals 
the characteristic variety of the PxxC-^iodule M. In our situation, this characteristic variety is 
well-known to be equal to the zero set of the principal symbol of the operator L. This set is 



{{z,sXdz + ads) : C = ±c^} C T*{X x 



(14) 



which is the same as fix from Sec. 2.10.1, Thus, by Kashiwara-Schapira's theorem, \KS\ Th 11.3.3], 
we conclude that 



S.S.Sol 



Qx, SoIgC^, 



where is defined in Sec. 2.10.1 



3.3 Initial conditions 



Let xq ^ X he an initial point satifying the assumptions from Sec 2.5 Let us pose a Cauchy problem 



for the equation (10) similar to Sec. 1.2 



Let 5*0, and vr^^ : S'q — t- C be the same as in Sec 2.2 Set q := Idx x tts^ : X x 5q, — t- X x C. The 



equation ( 10 ) gets transfered to X x Sa by means of the map q. The transfered equation is of the 
form 

L'^ = 0, (15) 
where ^ is an unknown function on X x Sa and L' is a linear differential operator 

L' = -^^^ + e-'^'^^rr + l-o.t, 

and all coefficients of L' are holomorphic on X x Sa because dg = e~'^dr. The solution sheaf of this 
equation is canonically isomorphic to q~^Sol. 

Let us fix two holomorphic functions V'OiV'i ^a and pose the initial conditions by requiring 

^'(xo, s) = V'^s) and d^^{i^Q, s) = ^^{s), s £ S«. 



Cauchy-Kowalewski theorem implies that there exists a neighborhood 

U CX X Sa 



(16) 



on which there exists a unique solution ^' G T{U, q ^Sol) of our Cauchy problem. We have a natural 
map 

r{U,q-^Sol) ^r{^o X Sa,q-^Sol\^,,,sJ = nSa;g-^Sol), 
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where 

(7:5„^XxC : ^(s) = (xo, vr^Js)). (17) 
Thus, our initial data give rise to an element 

^eT{S^;g-'Sol). (18) 

3.3.1 Definition of a solution 

Let us formulate the definition of a multivalued solution of the initial value problem in the sheaf- 
theoretical language. 

Suppose we are given a complex surface S endowed with a local biholomorphism : S — )■ X x C. 
We can now transfer our differential equation from X x C to S. The solution sheaf of the transferred 
equation is then Sol-£ ■= p^^Sol. 



In order to transfer the initial condition (18), let us fix a factorization h of the map g: 

S„ A S ^ X X C, (19) 
where /i is a complex- analytic map. We then have 

T{Sa; g-^Sol) = T{Sa; h^^p^^Sol) = r(5„; h-^Sol^). 
The initial condition -0 now gives rise to an element -(/'s S T{Sa'i h~^Solj]). 
Let us now formulate the notion of a solution to this problem. 

We have a restriction map res : r(S; SoIy;) — ?• ^{Sa] h^^Sol^), which is defined as follows: 

res : r(S; 5o/s) = hom{Zs; Soh) ^ homih-^Z^; h'^ Soh) = hom{Zs^; h'^ Soh) =r{Sa;h-^Sols). 

We call an element ^ € r(S; Solj]) a solution of the initial value problem with the initial data ip, if 
res(^') = ipY.. Since Sol-£ is a sub-sheaf of Os ( the sheaf of analytic functions), the unicity of analytic 
continuation implies: 

Claim 3.1 Suppose T, is connected. For every initial condition ip, the initial value problem has at 
most a unique solution. 

3.3.2 Equivalent formulation 

One can define a notion of a solution to the initial value problem directly in terms of the initial 

data ip^,^^: we can require that a solution should satisfy: o h = ip^; -r— o/i = tp . It is clear 

oz 

that this new notion of a solution coincides with the one from the previous subsection. Indeed, the 



restriction of ^ onto the neighborhood U as in ( 16 ) must coincide with the solution provided by the 
Cauchy-Kowalewski theorem. 

The notion of solution from this (or previous) subsection is related to the notion of solution from Sec 



1.1 



as follows. First of all we have dz = ^yV{x)dx, where ^yV{x) is a nowhere vanishing holomorphic 
function on X. Set -00 = V''^ and ipiis) = y^V{x(j)ilj^{s). We then see that the notion of solution of 
the Cauchy problem with the initial data 00)01) as in Sec |1.1[ coincides with the current notion of 
solution of the initial value problem given by the initial data 0^*^,0^. 
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3.3.3 Formulation of the analytic continuation problem 



Our analytic continuation problem is now as follows. Find a connected complex surface S along with a 
complex analytic local diffeomorphism ps : S ^ X xC and a factorization g = hps, where h : Sa ^ S 
is as in the previous subsection, satisfying: given any initial condition ip as in (18), there should exist 
a solution to the initial value problem with the initial data ijj. By Claim 3.1, this solution is then 
unique. 



3.4 Semi-orthogonal decomposition of J-'q 

Our main tool in solving the analytic continuation problem is a certain semi-orthogonal decomposition 
theorem, to be now stated. 

Let To = Rg\IjSa[—'^]'i let C^,-^C-^ be the same as in Sec. 



2.10.1 



Theorem 3.2 1) There exists a distinguished triangle 

^To'^'^^S^ (20) 

where $ G and 6 e -^C^ . 

2) The object <I> belongs to D>o(X x C) (that is: the stalks of ^ at every point of X x C have no 
negative cohomology). 



Remark. The distinguished rectangle (20) is called "left semi-orthogonal decomposition of J-q". It is 
well known that such a triangle, if exists, is unique up-to a unique isomorphism. 

We will devote the rest of this section by deducing a solution to the analytic continuation problem 
from this theorem. 



3.4.1 Factorization of the initial condition 

Since g : Sq, — )• X x C is locally a closed embedding of codimension 2, whose normal bundle is 
canonically trivialized, we have a natural transformation of functors 

K : g'^^g-[2]. (21) 

Since Sol is microsupported on ^x-, one can easily check that Sol is non-characteristic with respect 
to g. Accoriding to |KSk Prop. 5. 4. 13], k induces an isomorphism g~^Sol — >• g'Sol^]. We now have an 
isomorphism 

V{Sc]g'^Sol) = R^hom{Zs,;g-^Sol) = R° liom{Zs^; g' Sol[2]) = R'^ hom{RgiZsJ-2]; Sol). (22) 

Let us denote the images of ip under these identifications as follows: 

: Zs„ g^^Sol; 

"^V" • "^^c. 9'Sol[2]; 
: g\ZsJ-2] ^ Sol. 
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Since Sol S C, the semi-orthogonal decomposition theorem 20 imphes that uniquely factors as 



: Rg\Zs^ [-2] 4 $ ^ Sol. (23) 
The map z$ defines, by the conjugacy, a map I' : Z^^ d'^i'^]- Let also ipi : g'^l'p] — >■ g''5o/[2] be 



the map induced by 'i/''- The equation (23) now implies the following factorization (by the conjugacy 
between Rg\ and g'): 

m'^:Zs^^g-m^9-Sol[2]. (24) 



Since $[2] is microsupported within il.x, the transformation n, cf. (21), induces an isomorphism 



K$ : 5 ^$ — 5 <1*[2] so that we have a unique map I : Z^^ — )• g__^ such that I' = Let 



ip : g ^<I> — )• g "'^S'o/ be the map induced by tp' . We can now rewrite (24) as follows: 



i/^ : Z5, A g-^^ % g-^Sol. (25) 



3.4.2 Truncation 



The second statement of the theorem implies that $0 '■= 't<o^ is a sheaf of abelian groups. The 
canonical map c : t<_q<^ — )■ <I> induces a map c' : g~^^o — ^ S"^*!*- 

Let us show that 

Proposition 3.3 The map I factorizes uniquely through d . 
Proof. 

We have a distinguished triangle 

^5 ^^Q^g '^^g V>o$^, 
which induces a long exact sequence 

•••fl-ihom(Z5,;g-V>0«>) ^ii%om(Z5„;5"'$o) Ai2%om(Z5„;5-i$) ^i?Ohom(Zs,;5-V>o$)-- 

where the arrow * is given by the composition with c'. Since the functor g^^ is exact, 5~^r>o^* £ 
D>o(5'q,) so that R-^ hom(Z5^; g^^r^Q^) = 0, meaning that the map * is an isomorhism. This implies 
the statement. □ 

Denote by 

lo : Z5, ^ g'^^o (26) 
the factorization map (unique by the above Proposition): 

I-.Zs^Hg-^^o^g-'^. 

We can also factorize: 

^^:Zs^Hg~'<^>on' g-'Sol. 
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3.5 Etale space of $o 

3.5.1 Choice of a covering space E 

Set ps : 5] — )■ X X C to be the etale space of <I>o. Observe that the etale space of g^^^o is Sa Xxxc'^- 
The etale space of is Sa x so that we have a map 



X 



over Sa, induced by the map Iq. Let us restrict this map to S'q = 5q, x 1 and denote by h the through 
map 

h: Sa = Sa X I ^ Sa Xl^^ Sa Xj^xC S ^ E. (27) 

By the definition of fibered product, we have PT,h = g. 



Thus, py, -.Ti ^ X X C and /i : S'q, — >• S yield a factorization of the map (17), as required by (19). 



3.5.2 Solving the initial value problem 

Let us show that the initial value problem ijj G T(Sa', g~^Sol) has a solution on S, in the sense of Sec. 



3.3.1 where S is as in Sec 3.5. 1[ 



We have a canonical map A : — )• p^^^Q which comes from the canonical section of p^^^o- over a 
point of S corresponding to {{x, s), ip(^x,s) ^ {^o)(x,s)), t^ie stalk of this canonical section equals ^[x,s)- 
Let us apply the functor h^^ and obtain a map 



Lemma 3.4 We have V = I. 

Proof It is easy to see that for each s £ Sa, the map I' induces the same map on stalks as I. □ 

We have a composition : A p^^^Q ^ p'^Sol. Let us prove that is a solution to the 
initial value problem. Indeed, applying induces a map Zg^ — ?■ g~^Sol which, by virtue of Lemma, 
coincides with v^, which means that F^ is a solution. 



3.5.3 Solving the analytic continuation problem 

We replace S with its connected component S containing the image of /i. It is clear that 5 is a solution 



to the analytic continuation problem as in Sec. 3.3.3 



3.6 Structure of the object $. 

We construct the semi-orthogonal decomposition of g\ljSa{~'A via representing g\7jsJ\—2] as a cone of 
some arrow A ^ B, and then constructing the semi-orthogonal decompositions for A and B; these 
decompositions are then glued into the desired decomposition of g\ljSa{~'A- 
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3.6.1 Decomposition of mZ^^ G D(C) 

Let TTs^ : 5q, — )• C be the projection. We are going to represent ■Ksj.'^Sa a cone of a certain map. 
To this end let us introduce the following subsets of C (same as in Sec 2.1) 

K = {re^'f : r > 0; -a < ip < a}; 

r„ = {re'"^ : r > 0; (f = a}; 
r_Q = {re*^ : r > 0; = -a}. 

We have natural restriction maps 

Zc 7Lk '"^^ Zr,. 

in D(C). 

The identification Z^^ = vr^^Zc induces, by conjugacy, a map 



We are now up to defining a map : tts^iZs^ —5- Zj^. We have 

TT'^K = (0, oo) X (-a; a] U (0, oo) x pvr - a; 27r + a) =: Ki U ^2- 

Denote by ii : Ki ^ Sa the closed embedding. We have natural surjections of sheaves on Sa- 
il : Zs^ ki^Ki and i2 : Zg^ 12^^X2- 

The map vr^^ induces open embeddings vr^^ii : Ki ^ K and 7rs^i2 : K2 — )• i^. We have -Ks^iKi) = 
K\ra; '7TSa^2 = K\r^a- These open embeddings induce the following embeddings of sheaves on C: 
TTs^liilZxi —J" Z^; TTSa\'i'2\'^K2 ~^ Combining these maps with ti, L2, we get the following through 
map 

One checks that pKr^PK = PCraPc- Let us now construct the following sequence of maps 

Zc ^^^^^^Zr, (28) 




It is clear that the composition of every two consecutive maps is zero. In fact, this sequence is exact, 
which can be shown by proving exactness of the induced sequences on stalks for every point z € C. 
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Let g' : C ^ X X C he given by g'{s) = (xq, s) so that g = g'lTSa- Applying g' to the exact sequence 
above yields the following exact sequence of sheaves: 




3.6.2 Semi-orthogonal decomposition for ZxqxC) ^xoxATj ^xoxr±c« 

Theorem 3.5 There are objects ^>^, in the category of sheaves of abelian groups and 

maps in D^{X x C); 



w/iose cones are in -^C and , <l>'"", G C. 

Based on this theorem, let us construct a semi-orthogonal decomposition of gi'^Sa- Let us rewrite the 

^ g^Zs^ -^x^y^o, 



sequence (29) as 



where X = Z 



XoXH 



Zxnx_ftr and y 



-"xo X Fq 



toxr-a- virtue of Theorem 3.5 we have semi- 



orthogonal decompositions of X and y 

^ e ^ X[-2] ^X'H; r,^ y[-2] 5 y' ±>, 

G C; ^,7? G -^C. The map Pyq : X[-2] y, by the 

(30) 



where X' = e G C; y' = ^ $ 
univerality of X' , uniquely factors as 



Pyq = q'Px 

for some q' : X' ^ y' so that we have a commutative diagram 

X[-2]^y[-2] 



Px 



Py 



X' 



We have g\ljSa[~'A — Coneq[— 1]. Set ^ := Coneq'[—l]. It is well known that the commutative 
diagram above implies existence of a map 



(31) 
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fitting into tlie following commutative diagram whose rows are distinguished triangles: 

^ g^Zs^ [-2] ^ X[-2] y[-2] ±^ 



2$ 



Px 



<5 ^ X' — - — ^ y 



Furthermore, we have a distinguished triangle 



— )• Cone(Z(i>) — )• Cone Pat ConePj; 



3.2 



which implies that 5 := Cone(i$) G C satisfies all the conditions of Theorem 
We will now give an explicit description of the sheaves , cj)i"±a ^ as well as the maps i^c 5 i(^K , i^^±o 



from Theorem 3.5 This theorem will be proven below. 



3.6.3 

We set = IjXxC- We have a codimension 2 embedding 
so that we have a natural map 

^xoxc[— 2] — ^ ZxxC, 

and we assign i^c to be this map. 

3.7 Notation: convolution functor D(X x C) x D(C) ^ D(X x C) 
Define a convolution functor 

* : D(X X C) X D(C) ^ D(X x C) (32) 
as follows. Let T G D(X x C), S G D(C). Let 

a:XxCxC— >XxC : a{x, si, S2) = (x, si + S2) 

Set 

= i?a!(J"SS). 

3.8 Construction of $^ 
3.8.1 Subdivision into a-strips 



Let us split X into a-strips as in Sec. |2.7[ We will freely use the notation from this section below. 
We will define a sheaf on X x C via prescribing the following data. 

1) For each a-strip P we will define a sheaf on P x C. Recall that by a-strip we always mean a 
closed a-strip. 
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2) Let Pi, P2 be intersecting closed a-strips so that PinP2 = i €z We will construct an isomorphism 
where we assume F^^^ = (r^x'^)"^- 

Since every triple of distinct closed a-strips has an empty intersection, the data 1),2) define a sheaf 
unambiguously. More precisely, there exists a sheaf endowed with the following structure: 

— isomorphisms jp : $^|pxc ~^ for every a-strip P satisfying: for every pair of intersecting strips 
Pi and P2, Pi n P2 = £, the following maps must conicide: 

X\ ^^^'^ \ «^ \ 
5* kxC > > S'p^kxC 

and 



5" \exC > ^PakxC- 

The sheaf $^ is unique up-to a unique isomorphism compatible with all the structure maps jp. 
3.8.2 Words 



We will use the notation from Sec. 2.7.2 Let W° be the set of words from the alphabet U {L, R} 
such that: 

1) each word is non-empty and its rightmost letter in L or R 

2) every word is either of the form 

{£n...WiL) (33) 

where 
or 

(In-hR) (34) 

where 

il,i3, ■■■ e -^Mt; ^2,^4,4, •• £ -bright 

(alternating pattern). 

Let = Wi'^f^ U W^gi^^, where 

Wgft = {(^„...) : in G £feft} U {L}; W.^t = {(^n-) : G r^ight} U {P}. 

Let us stress that WJ^^^ contains words both ending with L and words ending with P, and the same 
is true for W^j^j^,.. 
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3.8.3 Sheaves Si, on C 

Given a ray (. G ^J^ft, let is define the following sheaf on C: 

5^ := Z{^g+2c(£)+x}) (35) 

Given a ray £ G ^Sghf 
Set 

Sl ■= '^{sez{xo)+K}', -Sh := ^{s6-2(xo)+i<'}- (36) 

Let 

:= Se, * Se, * ... * * Sl, if := ^i..^^ G W", 

5^ := 5^ * Si, * ... * Si„ * Sr, if Tx; := £i...inR G W", 

where * denotes the convolution functor D(C) x D(C) — t- D(C) in the sense of (32). It is clear that 
Sw = '^c{w)+K^ where we set: 

c(«;) = z(xo)-2c(4) + 2c(4-i)---- + (-1)"c(£i) w:= ii.InL; (37) 

c(u;) = -z(xo) + 2c(4)-2c(£„_i) + (-l)"c(£i) if w:= ii.InR- (38) 

Let us further set 

S- := ©luewggijt'S'io; S+ := ^weMV^^^^Sw (39) 

3.8.4 Definition of 

For any subset U G X, we define the following sheaf on U x C: 

$^ := A^-*5_ © A^+*5+, (40) 
where := Z{(a-,s)|s±2(a;)e-ft'} ^l^^ same as in Sec 



2.11 



Set $r/^ = ^Tj^ * S±. In particular, we have defined sheaves for every a-strip P. 



3.8.5 Constructuion of the identification L^^^ 
We have identifications: 



l£xc = ^-pJ^xc = Af + * 5+ © Af- * 5- 



Let us now construct the gluing maps 



rj/' : Af + * 5+ © Af - * 5_ ^ Af + * S+ © Af - * 5_. 

There are two cases. 
Case A). Let £ G C^^^^. 

Assume that the z-image of P2 is above the z-image of Pi in the complex plane, fig. |4| a). 
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Let us define the following morphism of sheaves on ^ x C 

i/f :Af- ^5,*Af+, (41) 

or, more explicitly, 

'■ ^{2ec(£)-e*«.[0,oo), s-zeK} ~^ '^{se2c{e)+K} * '^{zec{e)-e^°'.[0,oo),s+zeK}- (42) 

We have '^{se2c{e)+K} *'^{z£c{e)-ei'^.[o,oo),s+zeK} = '^{zec{e)-ei'^.[o,oo);se-z+2c{e)+K}- The map uf is thus 
determined by a closed embedding 

{z G c(^) -e^".[0,oo);s G -z + 2c{£) + K} C {z G c(£) - e'".[0, oo), s - z e K}. 

Let us now define a map 



Nf : Af- * ^ Af + * S+. 
as follows. We have Af'^ * S- = 0^g-w° * '^u'- 



right 

We denote 



iVf : Af - * 5^ Af + * S£ * 5^ = Af + * Se^. (43) 

Observe that iw G WJ^j^. , so that Af * Siu; is a direct summand of Af * 5'+ . We therefore can define 
as the direct sum of all , w G W^gj^^. 

Let 

Nf : Af - * 5_ e Af + * 5+ ^ Af " * 5_ Af + * 5+ 
be the extension of N^^ whose all components are zero, except for Af ^ * S'_ — )• Af * 5+ which equals 

We set 

rJf^:=Id + Nf. (44) 

Finally, we set 

r?/^:= (r?/^)-^ = id-Nf. 

Let us now rewrite the definition for the gluing maps in a more uniform way. Let P and P' be two 
neighboring strips such that POP' goes to the left. Let us define the sign 

t?(p, p') = 1 if P' is above P, and i?(P, P') = -I if P' is below P. (45) 

We now have 

:=Id + ^(P,P')Nf. (46) 
Case B). Let £ G /bright i fig- Rb). Assume first that P2 is below Pi. 



The formulas are similar to the case A but + and — get exchanged. We have a map 

: Af + ^ Af - * Se (47) 

which gives rise to a map 

A/f : Af + *S+% Af - *Si*S+ Af" * 5_. (48) 
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Fi gure 4: Notations in the construction of the sheaf a) ^ G ^Mt^ b) ^ G -^right 

Similar to above, we define a map 

Nf : Af + * S+ e Af - * S- ^ Af + * 5+ Af " * 5_ 

as the extension of whose aU components are zero except for Af^ * 5+ — )• A^^ * S- which is . 
We set 

rji/^ :=Id + Nf; (49) 

r?/^:= (rJif^)-^ = id-Nf. 

Similarly to above, let us rewrite the definition as follows. Let P and P' be two neighboring strips 
such that Pop' goes to the right. Let us define the sign 

??(P, P') = 1 if P' is below P; i9{P, P') = -1 if P is below P' . (50) 

We now have 

:=Id + i?(P,P')Nf. (51) 

3.8.6 Description of the map i^K : Zxoxi<:[— 2] <I>^ 

Let Pq be the strip such that xq G IntPg- 
By construction, 

<J>''|lntPoxC = A^Po * ® ^^ntPo * S- 

The direct summand inclusions 

Sl ^ S+ ; Sr ^ S- 
induce maps A^+p^ * Sl ^ A^+p^ * S+, Af^-p^ * Sr ^ A^-p^ * 5_. 
We have the following closed embedding of codimension 2: 

X = Xq 1 J X G IntPo 

se K \ ^ \ s± z{x) G ±z(xo) + K 
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We have the foUowing maps in D(IntPo x C): 



Z 



X e IntPo 
s + z{x) e 2;(xo) + K 



(52) 



Z ( ^ [-2] 

I seK 



IntPoxC 




X e IntPo 
s — z{x) G — 2;(xo) + K 



We thus have constructed a map 

Z, 



X = Xq 



-2] = Zxoxi4:[— 2] — > ^'^lintPoxC 



(53) 



As ^xoxivr[~2] is supported on IntPoj our map extends canonicahy to a map i^K : ZxQxi<r[~2] — > 
in D(X X C). 



3.9 Alternative construction of $ via — ct-strips 

It is clear that one can repeat all the steps of the previous section using — a-strips instead of a strips. 
We denote the resulting sheaf we also get an analogue of the map i^k, to be denoted by 

i^K : Zxoxi^[-2] ^ (54) 

By means of , we also get a semiorthogonal decomposition of Zxgxi^ [~2]. This implies the existence 
of a unique isomorphism 

-.^^ (55) 

satisfying i^k = I\j!^ix^K (because of the unicity of semiorthogonal decomposition). We will now 
briefly go over the construction of . 



3.9.1 Notation for —a-strips 

Let = >Cjg^ U >C^gj^^. be the set of all intersection rays of —a-strips. JO^^ consists of the rays going 
to the left, consists of the rays going to the right. Every ray £ G jC^^ (resp. £ G -C^^j^^.) is of the 

form p^{£) = c{£) - (0, oo)e-^°; (resp. p^{£) = c{£) + (0, oo)e-'") for some c{£) G C. 

Let W~", Wj~^, WjT°j^^ be defined in the same way as W", Wg^^, W^^j^^. (W[~^ consists of words 
of the form w = i„ij,^i...i2£iL or w = in...iiR where £n G -^Mt ^^'^ have an alternating pattern 
£n-i G jC^i'Xv ^ri-i G -Cj"?,... ; if £i G then the right-most letter of w is L; if li G CZ^ then 
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the right- most letter of w is R; we also add a one letter word L to Wj^^. ) Similarly to the previous 
section, we set 

5^ := '^{s:se2c{e)+K} £ D(C), i £ 

Si ■■= Z{s:se-2c(£)+A'} ^ D(C), i £ ^righV 

Sl ■■= '^{s:sez{xo)+K} ^ D(C); 

Sr ■■= '^{s:se-z{xo)+K} £ D(C) 

For w e W-", w = ln--A{L or R) set 



Set 



3.9.2 Sheaves 



Let mean the same thing as in SecJ2.11 On every (— Q)-strip 11 consider the sheaf on 11 



Sw = Si^ * Si^_^ * ... * S^^ * {Sl or Sr). 



S- '■— ®w(i^^.°-Sw; S+ :— ®u)£W-?:Su 

right left 



:= * S+ (B A^- * S. 



3.9.3 Gluing maps 



Let Hi, 112 be neighboring strips, Hi n 112 = ^• 

Case A. If i goes to the left, we denote by Hi the bottom strip, fig. [sj a). 
We then define a map 

: A^ * bi 

similar to from the previous subsection. The maps i>f induce maps 

iVf : Af - * S+ ^ Af + * 5_ 



and 



Nf : Af + *S+e Af - *S-^ Af + * S+ ^ Af " * 5- 



in the same way as in Sec |3.8.5[ 
We now set 



-^f' :=Id + Nf. (56) 



We set rji^i := (T^f^)-^ = Id - Nf . 

Similarly to the previous subsection, we can combine the definitions as follows. Let 11 and 11' be 
intersecting — a-strips whose intersection ray i := Ilnll' goes to the left. Define a number i?(n, 11') = 1 
if n is below W and ??(n, W) = -1 otherwise. We then have T™' = Id + i?(n, n')Nf . 
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Figure 5: Notations in the construction of the sheaf a) ^ G ^Mt, h) i £ bright 



Case B. Analogously, assume that £ = Hi n 112 goes to the right and that 112 is below 112, fig- [s] b). 
Similar to above, we have a map 

: Af + ^ Af- * Se, (57) 

which enables us to define maps 

Nf : Af + * S+ e Af - * ^ Af + * S+ Af " * 5_ 
in the same way as above. We set 

rJi/^:=Id + Nf; (58) 
r^f':={r%''-T'=U-Nf. (59) 

Finally, given two intersecting — a-strips 11 and 11' whose intersection ray i goes to the right, we set 
■&{U, W) = 1 if n' is below U and t?(n, W) = -1 otherwise so that F™' = Id + ??(n, n')Nf . 

The sheaf is obtained by gluing of the sheaves ^'n along the boundary rays by means of the maps 
F™', similarly to . 

The map 

HK :Z^,y,K[-2]^^^, (60) 



same as in (54), is constructed similarly to i^K. 



3.10 The map /, 



We now pass to discussing the identification : ^ — )• $ as in (55). Explicit formulas for the 
map /ii«i> are complicated, see Sec. [7j Let us, however, formulate a result on this map, to be proven 
in Sec . [3 

Let P be an a-strip and H be a — a-strip. Suppose P fl H 7^ 0. We have identifications 

^^|pnn = ^p\pnu = Afnn * S+ (B A^'^ * 
*^|pnn = *n|pnn = Afnn * S+ e A^'n * 5_. 
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Set ijip := -^"i-^lpnn- In view of the above identifications, we can rewrite: 

inp ■■ Af +n * S+ e Af "n * S_ ^ A^+n * S+ Af * S_ . 
We are now going to take advantage of direct sum decompositions of both parts of this map. 

3.10.1 Decomposing inp into components 

Let us now rewrite both sides of this map as follows. 

For a w G Wg^^ or w e W'^^, we define A{K, w) C (PnU) x C: 

A{K, w) := {{x, s)\s + pz{x) G c{w) + K}, 



where c{w) is as in (37), (38). 
We then have 

Af +n * 5+ e Af "n * 5_ = Z^(^,^) ; 
Af+n*5+eAf-n*5_= Z^(^,^). 

Next, 

Hom( Zj^(^K,u,y, ^A{K,w)) = n Hom(Z^(^^^); Z_4(^^^)) 

■-^ Hom(Z_4(^^^);Z_4(;^^^)). (61) 

iiiew-";-!«eW" 



In Sec 7.1 we prove that Hom(Z_4(^ Z_4(x,w)) = unless A{K,w) C ^(if, it;), in which case 
Hom(Z_4(^,j); Z_4(;^ „,)) = Z.e^,^, where e^,^ is the homomorphism induced by the embedding 
A{K,'w) C A{K,'w). Elements of Yl IIo™(^^(_R',u));^^(x,«))) are thus identified with in- 

finite sums of the form 



where 71^,^; G Z, and ^(K, ty) C A{K,w). By Prop 7.2, under the inclusion (61) the set 
hom( '^A{K,w)i © '^A{K,w)) is identified with the set of all sums as in (62), satisfying 



for every point y £ {P OH) x C and every w £ W there are only finitely many w G such that 
n-ww 7^ and y S A{K,w). 

3.10.2 Identification W " W". 

Let us first define an identification A : C~" — t- Let i £ Suppose i goes to the right. Let 

P be the leftmost strip among all a-strips that intersect i. There are exactly two boundary rays of 
P, £i and ir such that c{£i) = c{£r) = c{£), ii goes to the left, and Ir goes to the right. Let us assign 

A(£) = Ir. 
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Similarly, if £ G £ ^ goes to the left, we consider the leftmost strip P among all a-strips that 
intersect I. There are exactly two boundary rays of P, ii and ir such that 

c{ii) = c{lr) = c{i)- (63) 

ii goes to the left, and (.r goes to the right. Let us assign A(^) = li. The map A extends in the obvious 
way to a map A : W~'^ — t- W": a word in' ' ' ^iL G W""^ (resp. in - ■ ■ tiR S W~") is mapped into 



A{in) ■ ■ ■ A{ii)L (resp. A(£„) • • • A{ii)R). Because of ([63]), we have A^K, w) = A{K, A{w)) for all 
w G W-". 

3.10.3 Formulation of the result 



Let us write iup in the form ( 62 ) : 



inp = ^ riuiwe-ww (64) 
ii)ew-";toeW'^ 

In order to formulate the result, let us introduce some notation. For w € W~", w = In ■ ■ ■ iiL £ W~" 
(resp. w = in - ■ ■ iiR € W~"), set \w\ := n, to be the length of tt; ( in particular |L| = \R\ = 0). 

Proposition 3.6 1) We have nu,A(«)) = (—I)'"''/ 

2) If riyjw / and w / A{w), then A{K,w) / A{K^w) (we have a strict embedding A{K,w) C 
A{K,w)). 



This proposition is proven in Sec 7.5.4 

3.11 Description of 

We construct the sheaf and a map i^ra in a way very similar to the construction 4?^, using the 
decomposition of X into a-strips and replacing K with Va everywhere. We then get sheaves 

^C^^ ■= '^{(x,s)\x€U,seC;s±xera}- 

:= A^"+ * S+ e A^"- * 5_. 
If i goes to the left (resp. to the right) we still have a map 

: A^"~ A^"+ * Si resp. u^" : A^'»+ A^"~ * 5^, 

so that we can define the gluing maps F^if^ similarly to F^^^^. 

3.12 Description of 

In order to construct and i^j^-a we switch to —a-strips ( sticking to a-strips leads to a failure 

to define the maps f^~"). The construction is then similar to the construction of (just replace K 
with r_Q everywhere). 
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3.13 Constructing the map (30) 



Let us construct a map Q, satisfying (30). It will be convenient for us to replace with the 
isomorphic sheaf 

First, we will construct maps qcra • ~^ QKr±a '■ ~^ xI/'^±o' satisfying iq,K = qcrai^c] 
We define Q as follows: 

© (65) 




The categorical definition of the maps in this diagram was discussed in section 3.6 
Let us now pass to constructing the above mentioned maps qcrc ^ind qKr±a ■ 



3.13.1 The map qa 



To 

We have ^'-^ = l^xxc so that 

hom($'^; ^>'"-) = r{X x C; ^>'"") 
so that a map qcva can be defined by means of specifying a section q G T{X x C; ^^'^). This can be 

'P 



done strip- wise: we can instead specify, for every closed strip P, sections qp G T{P x C; which 
agree on intresections as follows. Let Pi H P2 = ^- We then have restriction maps 

l^xc : r(Pi X C; «>^^) ^ T{i x C; ^\-), i = 1,2. 

We then should have 

qpi \ixc = Uxc- (66) 



It is clear that any collection of data qp, satisfying (66) for all pairs of neighboring strips, determines 
a section q e r(X x C; <I)'"") in a unique way. 

We have Z = T{P x C; A^«=^ * S^) for aU w G W^. 

Let us take the direct sum of these identifications over all w G W" so as to get a map 

sp : Z[W] T{P X C;$^"), 
where Z[W"] is the Z-span of the set W". Similarly, we define 

where i is the intersection ray of a pair of neighboring a-strips . The maps sp,si are inclusions; denote 
by r'(P X C; ),r'(£ x C; <I*^") the images of these inclusions. As easily follows from the definition 
of the gluing maps F Jif^ , the restriction maps induce isomorphisms 

|,xc : r'(P X C; $^") ^ r'{e x C; ^-), 

where £ is a boundary ray of P. 
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Since the graph formed by a-strips and their intersection rays is a tree, it follows that given an element 
qPu G r'(Po X C; ^*^), we have unique elements 

qp G r'{P X C;$^") 



satisfying ( 66 ) . We set qp^ := spp {L+R) , where L, i? are words of of length 1 in W° viewed as elements 
in Z[W"]. This way we get a section q and a map qcva- It is clear that Condition i^r^ = gcrc^^c is 
satisfied. 

Denote by ep G Z[W"] a unique element such that sp(ep) = qp. Denote by Wp C a finite 
subset such that 

ep = ^ ep^w, 

w£Wp 

where ep^ £ Z\0. 

3.13.2 Map QKr.^ ■■ 

Let us define this map stripwise. For every — a-strip 11 we have a map Af =^ An induced by the 
embedding of the corresponding closed subsets of IIxC. Whence induced maps A^^*^^ — )• A^°'^*Sw. 
Taking a direct sum over all w G yields a map 

* S+ e A^- * 5_ ^ An * 5+ e A^ * 5_ , 

and we assign qKr-a,n '■ ~^ *^rf" to be this map. It is clear that thus defined maps agree on all 
intersection rays, thereby defining the desired map qxr^a- The condition = qKr^a"^^^ clearly 

satisfied. 

3.13.3 Map qxr^ ■ ^'^ ^ ^""^ 

We first construct a map q'j^^ using a strip in the same way as we constructed qxr-a ■ 

We set 

qKrc ■= ter^^*$- 

The condition z$r„ = qxrai^ii is clearly satisfied. 

3.13.4 Restriction of Q to a parallelogram 

Let P and 11 be a pair of intersecting a- and (— a)-strips. 

First, in view of identification A, let us write w instead of A~^w G W~". Next, for a w £ W° and a 
subset A G C, let us define a subset ^(A, w) C (PnU) x C as follows. If -u; G Wgf^ (resp., w G W^gj^J, 
we set A{A,w) = {{x,s)\s + z{x) G c{w) + A} (resp., ^(A,w) = {(x,s)|s — z{x) G c(t(;) + A}; 



these notations are compatible with those of section 3.10.1 Set Aq := (11 n P) x C. We then have 
identifications 

^nnP = ; 
*nnp = ® '^A{K,w); 
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Let us now rewrite the maps from diagrams (65) in terms of these identifications. 



3.13.5 The map qcva revisited. 

Let E^''" : Z^o ^ '^A(ra,w) be the map induced by the closed embedding of the corresponding sets. 



According to Sec 3.13.1 



qcr^ = E ep^^^'"'^. (67) 

weWp 



3.13.6 The map QKr.^ 
It follows that the map 



is a direct sum, over all w E W", of the maps 

'^A{K,w) '^A{r-c,w)-, 

over all w G W". 
3.13.7 The map qKr^ 

Let w^w' G be such that A{K,'w) D A{ra;'w'). Let Ej^^" : '^_a(k,w) ~^ '^A{ra;w') be the map 
induced by this embedding. 

We then have 

ww' 

Proposition 3.7 1) n^^" = (-l)l'"l; 

2) for every compact subset L G (Pnll) x C and every w £ W", there are only finitely many w' G 
such that Uww' 7^ and L n A{r-a', w') / O; 

3) If n^l^ 7^ 0, then we have a strict embedding A{w' ,K) C A{w,K). 



Proof. Parts 1) and 3) follow from Sec 3.13.3 and Prop. 3.6 part 2) follows from Prop 7.2 



□ 



3.14 E and S are Hausdorff 

Recall that S was defined in section 13.5.11 and S in the section 13.5.31 
Let us start with some general observations. 
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3.14.1 Generalities on etale spaces 



Let F be a sheaf of abelian groups on a Hausdorff topological space X. Call F rigid if its etale space 
is Hausdorff. The following facts are easy to check. 

1) Let ?7 c X be a Hausdorff open subset. Then Z[/ is rigid. Indeed, the corresponding etale space is 

(Z\{0}) xUU{0}xX. 

2) Every sub-sheaf Fi of a rigid sheaf F is rigid. Indeed, the etale space of Fi is identified with a 
closed subspace of a Hausdorff etale space of F. 

3) Let O^A— >B^C— >Obean exact sequence of sheaves, where A, C are rigid. Then so is B. 

Indeed. Let A! ^ B' ^ C' be the etale spaces of A, B, and C. Let bi,b2 G B' . Suppose 7r(6i) 7^ vr(62); 
we then have separating neighborhoods 7r(6i) € Ui; 7r(62) G U2 so that 7r~^Ui,7T~^U2 separate bi and 
62- Let now 7r(6i) = 7r(62) = c but 61 / 62- Since tt is a local homeomorhisms, there are neigborhoods 
Wi of hi in 5' such that Wi are projected homeomorhically into C. By possible shrinking we may 
achieve that Wi project to the same open subset U £ C; c & U. so that we have homeomorphisms 
7r~^ : U —7- Wi. We then have a continuous map 5 : U ^ A' , where 6{u) = vr^^u — tt^^u G Au C A' . 
Since 61 7^ 62)(^(c) 7^ 0, so that we have a neighborhood U' C U of c on which 6 does not vanish. It 
now follows that the neighborhoods Tr~^U' do separate 61 and 62- 

4) Let in '■ Fn ^ Fji+i, n > be a directed sequence of embeddings, where Fq and all Fn+i/inFri are 
rigid. Then F := li^F„ is also rigid. Indeed, 3) implies that all Fn are rigid. Let F'^,F' be the etale 

n 

spaces of Fn,F. We have induced maps F'^^ F'; F'^^ ^n+i which induce a map lim-F^ — >■ F' which 
can be easily proven to be a homeomorphism. Since all the maps F!^ — >■ -F^^i are closed embeddings, 
it follows that F' is Hausdorff. 

5) Let p : y — 7- X be a local homeomorphism, where Y is Hausdorff. Let f}> ^ U cT^CXbc open 
sets, where V is connected. Suppose we are given a section s : U ^ Y. There exist at most one 
way to extend s to V. Indeed, let si,S2 : F ^ y be extensions of s. Let us prove that the set 
W := {v G V : .si(t') ^ •''■2 ('-')} open. Indeed, let v G W. The points S2(^^) can be separated 
by neighborhoods Ui,U2 C Y. Let U := si^^Ui Pi 82^^1/2] U is a neighborhood of v. It now follows 
that Si{U) C Ui, therefore Si{U) do not intersect; we have thus found an open neighborhood U C W 
of V, hence W is open. 

Let us now prove that W' := {v e V : Si{v) = S2{v)} is open. It is clear that Si{U) are open subsets 
of Y, so that W' = si{U) D S2{U) is open. 

Finally, V = W UW and W' ^ ^. This implies W = 0. 
3.14.2 Reduction to rigidity on H n P 

Since 5 C S is a connected component, it suffices to prove that S is Hausdorff. The latter reduces to 
showing that p^^{{P fl H) x C) is Hausdorff for every pair of intersecting a-strip P and — a-strip H, 
which is equivalent to the rigidity of the sheaf ^ol(nnP)xC) which is isomorphic to Ker Q. 
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3.14.3 Filtration on ^olnnPxC 

Let us choose an arbitrary identification Z>o — ^ W"; n i— )• Wn- Define a filtration on Q := © 
*^|nnPxC by setting 

g"- ■— <l)'^|nnPxC ffi '^AiK,wi) © • • • © '^A{K,w„)- 

It is clear that 

^-^InnPxC =: a° C C • • • C • • • C g 

is an exhaustive filtration. It is also clear that ^'^ C ^ is a direct summand. Denote by '■ G ^ Q"' 
the projection. 

Set 

F„$o := Ker Q|gn. 



It follows that F is an exhaustive filtration of *l*o|nnPxC- By Sec. 3.14.1 2), it suffices to show that 
each sheaf Fn is rigid. 

3.14.4 Sheaf D F„ 

We have the following projection onto a direct summand 

n 

Pn ■ ^rfnP ® ^nnP ~^ ® '^Air^iw^) © ^^(r_a;u>™) =: -Cn- 
m=l 

Let F;; := KerP„Q|gn. We have: 

-Fn is a sub-sheaf of F^, so that it suffices to show that each F^ is 

rigid. 

3.14.5 Further filtrations on £„, F^ 

Fix n G Z>o. Let us re-label the words wi,W2, . . . ,Wn to, say wi,W2, . . . ,w„, so that the following 
holds true: 

if i > j, then it is impossible that A{K,Wi) is a proper subset of A{K,Wj) . 

Since we are dealing with only finitely many words, this is always possible. Let j < n. Set F^Q"' := 
Z(K,wi) © ••• © Z(K,Wj-) C g". Set F^Cn ■■= Zr±„,wi) © ••• © Z^(r±,,w,.) C £„. We also set 
pn+ign ^ gn. F"+i£„ = £„. Let Gr^^'^; Gr^Cn be the associated graded quotients. 



Proposition 3.7 and Sec. 3.13.6 imply that the map PnQ preserves the filtration F: PnQ '■ F^ 



3.14.1 



F^Cn- Set F-'F^ := KerP„Q|pjgn. It is clear that this way we get a filtration on F^. Let Gr-^F^ be the 
associated graded quotients. Our problem now reduces to proving rigidity of Gr-'F^ by Sec. 
3). Since PnQ preserves F, we have 

Gr^F' C KerGrJP„,Q : GrW" ^ Gr^£„. 



By Sec 3.14.1 2), the problem reduces to showing rigidity of KerGr-' P„Q : Gr^Q^ — t- Gr-'jC". 
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3.14.6 Finishing the proof 

Let j < n. We then have Gr^G"- = 'Z_^(^K^^^y, Gr-?'£„ = Z^(r^.w^,) Z_4(r_„;w,)- By Sec. 



Proposition 3.7, we have: 
where the morphisms 



3.13.6 



and 



are induced by the closed embeddings of the corresponding sets. It now follows that Ker Gr-' P„Q 
^^(intK;wj), which is rigid by Sec. 



3.14.1 



1). 



Let now j = n + l. We have Gr"+i£„ = 0; Gr^+^g" = Z^o, so that 

KerGr-'P„Q = ZAo, 



which is also rigid, as a sheaf on (11 n P) x C = Aq, by Sec. 3.14.1 1). This finishes the proof. 



3.15 Surjectivity of the projection ps : S ^ X . 

In this subsection we will prove 

Theorem 3.8 The projection ps : S ^ X is surjective. 

Proof of this theorem will occupy the rest of this subsection. We will construct an open subset U gT, 
such that 

1) U projects surjectively onto X; 

2) U is connected; 



3) Z// n h{Sa) 7^ 0, where /i : ^q, — )• S is as in (27). 
Conditions 2), 3) imply that U C S, and Theorem follows. 
Let us now construct U and verify l)-3). 

3.15.1 Constructing U 



We construct U stripwise. We will freely use the notation from Sec |3.13.1j Let P be an a-strip. Define 
a closed subset 

A{P) ■= \J A{ra, w)cPxCcXxC. 

weWp 

Let U := X X C\ |J A{P), where the union is taken over the set of all a-strips P. Denote by : lA — t- 

p 

X xC the open embedding. 

Let us now embed lA into S. We have a natural embedding Ju : Iju — t- ZxxC = As follows from 



(67), we have qcvaJu = 0, which implies that the map Ju factors through Viexqcra '■ 
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As follows from the diagram (65), we have a natmal embedding 



iq : Kergcr^ --^ Ker Q, 



and we set 



Jq '■= l^qJiii 

which is an injection Jg : M> Ker Q = $o- 

To summarize, we have the following commutative diagram of sheaves on X x C: 



(68) 
(69) 



(Ker Q = $o)^ 




"Lu zz—^ Ker qc 



The map Jq induces an embedding of the etale spaces: x Z — )• S. Let ju '-U ^ T,he the restriction 
of this map onto V( x I c U x Z. This map is a local homeomorphism and an embedding, therefore, j 
is an open embedding. Let us identify U with ju{i^)- 



3.15.2 Verifying 1) 



Let 



be the through map, where where is the same as in section 3.5.1, and ttx is the projection onto a 

JX ^ 

Cartesian factor. We see that the composition Pj^ju coincides with the composition U X x C ^ X . 
Let us check that this map is surjective. Indeed, let x ^ X. There are at most two a-strips which 
contain x. We therefore have: U Ox x C is obtained from x x C = C by removing a finite number of 
a-rays, which is non-empty. 



3.15.3 Verifying 2) 

As the sets Wp are finite, it easily follows that 

— the sets U{P) := P x C\A{P) are connected; 

— if Pi n P2 / 0, then U{Pi)<rMA{P2) / 0. This implies that U is connected. 
The rest of the subsection is devoted by verifying 3). 



3.15.4 Reformulation of 3) 



Recall that the map /i : Sq, — >• S is induced by the map Iq : 
ju '■ U ^ Tj IS induced by the map Jg : Iju — )• Ker Q = $0) 



embedding ixo('5) = (xo,s)- We have g 
obtained from C by removing a finite number of a-rays. 



TTSc, ■ Let us denote U: 



"^Sa ~^ 5' '^'Oi see (26). The injection 
see (69). Let 



C X X C be the 
^U. Observe that is 
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Lemma 3.9 There exists a non-empty open subset V C Uxq such that: 

i) the map tts^ induces a homeomorphism tt^^V — )• V , so that we have iig^Zv = Z^-iy; 

ii) the following diagram of sheaves on Sa commutes 



Z -1, 



Jvs 



9-\Jq) 



9 ^^c 



where the arrow jvs is induced by the open embedding T^^ly C Sa, and the arrow jvu is the com- 
position 'L^-iy = Tx'^'Ly A vr^^Z^^^ = g'^ljiA, where the arrow * is induced by the open embedding 



Let us first explain how Lemma implies 3). Indeed, it follows from Lemma that we have a commutative 
diagram of topological spaces 



'^1 -ii/ 



V c U 



X() 



-u 



(70) 



where the counterclockwise composition T^g^V — )• lA coincides with a component of the map of etale 
spaces of sheaves induced by jyu . 



Then (jTOj) implies that h{Sa)nju{U) D iw(ixo^)- 
We will now prove the Lemma. 



3.15.5 Subset W C S^ 

Let := TTg^iCXK) C Sa- Denote by Jw ■■ '^w ^ "^s^ the map induced by the open embedding 
jw ■ W C Sa- Let us consider the composition hj]y, which is induced by the map Iq Jw ■ '^w g~^^o- 

Denote by tt : <l>o — )• © the natural embedding (recall that $o = Ker Q). Set 
TToK ■= nxvr : 'I'o , where Uk : ^'^ ® is the projection. 

Let us show 

Lemma 3.10 We have {g~^'n'oK)ioJw = 0. 
Proof. Indeed, the map vr factors as 

$0 4 $ = (ConeQ)[-l] ^ © , 
where the last arrow is the canonical map. Set ttk ■= HrP^- We have 

(g-VoK)Io = {g-^IlK){g~'Tr)Io = {g-^UK){g-^P^)g-hlo = {g-W)I, 
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where I is as in section |3.4.1[ Recall that in section |3.4.1 we defined I in such a way that under the 
isomorphism g~^^ = 5'$[2], the map I corresponds by the conjugacy to the map i$ : g\Zs^[—2] — )• 



where was constructed in (31). 
We claim that: 



(71) 



The map {g "^vr/^-)! corresponds by the conjugacy to Tr^i^- 
Indeed, the conjugate to 

is defined as nat[2] o (Rg\g^"KK)Rg\i, where nat : Rg\g'^^ — ?■ , and the statement (71) reduces to 
commutativity of the diagram 



Rg<.a'TrK[2] 



Rg,Zs^ ^ Rg,g^-m Rg.g'-^^[2] ; 



is [2] 



nat[2\ 



2] 



but the triangle is commutative by the properties of adjoint functors, and the square commutes by 
functoriality of Rg\g'. 

Denote by 

X : giZw[-2] ^ giZsJ-2] 
the map induced by jw, i-e. A = g\{Jw)[—2]. The problem now reduces to showing that irxi^X = 0. 

By the construction of the map the map iiKi^ factors as gi'Ijs^[—2] ^ Zxoxii'i— 2] ^ <I>^, where 



Pk is as in (28), so that nxi^X = i^kpkX. It is easy to see that pxX = 0, which finishes the proof. □ 



It now follows that the map Iq Jw '■ "^w ~^ 9 factors as 

where the right arrow is induced by the obvious embedding tg : Ker qcr 
the definition $o = Ksr Q. 



$0i cf.(68), coming from 



3.15.6 Finishing the proof 



Recall, see (69), that the map Jq : Zk — )• $o factors as Jq := iqJu- 



Suppose that the susbet V dlA from Lemma 3.9 satisfies: tTo'^V C W . The statement ii) of Lemma 



3.9 now follows from the commutativity (which is shown below) of the following diagram 



-It/ ^ £iW 



ivu Jw 
g 'Zu ^g ^Keiqcr 



(72) 
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where jvu is the same as in the statement of Lemma |3.9[ the map jvw is induced by the open 
embedding vr^^y C W. The map (Jif)' is induced by Jjj, i.e. (J^)' = 5~^(J^). Indeed, once the 



commutativity of ( 72 ) is known, we obtain the statement ii) by combining commutative diagrams as 
follows: 

jvw 



z 



Jvu 
9^' 



Jw 




^5. 



9 ^0 



Let us now prove the commutativity of the diagram (72). We have an injection k : Kevqcra ~^ ^ 



'^XxC which induces an injection k' : g ^Kerqcr 
diagram is equivalent to the commutativity of 



9~ 



The commutativity of the above 



jvu ^' Jw 

9' Zu ^g'^Zxxc 



(73) 



Let us now define 



V ■.= {c\K)nu^,. 



Let us check that V satisfies all the conditions: 

a) V is non-empty. The set is obtained by removing from C a finite number of a-rays, which 
implies non-emptyness of {C\K) n ZYxq • 

b) TTg^V C W — this is clear. 

c) TTSa : '^sl^ — )• y is a homeomorphism — clear. 

d) Commutativity of (73). We have g^^I^xxC = "^Sa- It follows that the composition k'J^w equals 
the map Z^y — )■ induced by the inclusion W C Sa- Next, the map kJu : Zk — Z^xC is induced 
by the open embedding Jk : U ^ X x C The commutativity now follows. This finishes the proof. 



3.16 Infinite continuation in the direction of K 

We need some definitions 



3.16.1 Parallelogram U 

Let U C C be an open parallelogram with vertices A, B, C, and D, such that AB and DC are collinear 
to e~*" and BC and AD are collinear to e*". 
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3.16.2 Small sets 



Let r C C. Call T small if for every point c G C, the intersection F n c — is a finite set. 

Claim 3.11 Let L C C be a bounded subset. The set F n (L — K) is then also finite. 

Proof. Assuming the contrary, let {71, 72, . . . , 7™, . . .} G F n (L — K) so that = Ci — Zi, Zi G K, 
Ci G L. Since L is bounded, the sequence q has a convergent sub-sequence — >• c for some c G C. 
Let e G Inti^. It follows, that Cj^ G c + e — i^T for all n large enough, which contradicts to smallness 
of F □ 

3.16.3 Theorem 



Using notation of Sec 3.5, let 



ps,x ■■ S^^'^XxC X , 



and 



Pz ■■ zxC = C. 



Theorem 3.12 Suppose we have a section a of P^: 

Pz 



U 



Then there exists a small subset T C\J + K such that a extends to (U-|-i^)\(F-|-r_Q,) and (F-|-r_Q)n 
U = 0. 

Remark For every bounded set L there are only finitely many 7 G F such that (7 + r-^) n L 7^ 0, as 
follows from Claim 13". Ill 

Before proving this theorem, let us observe that it easily implies Theorem Indeed, given x G C, we 
see that 5- is a disjoint union of all Sz, where px{z) = x, which reduces Theorem |1.1| to the current 
Theorem. The rest of this subsection is devoted to its proof. 



3.16.4 Reformulation in terms of sheaves 



By basic properties of an etale space of a sheaf, liftings a as in Theorem, are in 1-to-l correspondence 
with maps of sheaves : Zjj — )• $o|zxC- 

For every w G W" and a fixed z £ X, set Az{K, w) = A{K, w)ri {z x C) C C, where A{K, w) are the 
same is in Sec 3.10.1 We define AziiCajw), Azir^ajw) in a similar way. 
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We then have the following maps: 



4 ffi 




where q(f^", qo^^°', qo^^'" are the restrictions of the maps q^^", q^^", q^^-" onto xq x C. Let Qxo 
be the restriction of the map Q onto xq x C, so that Qxq is the sum of qo^^", —qo^^", and qo^^~". 
We now have 

Qfa = 0. (74) 

3.16.5 Writing in terms of its components 

We have components: 

^(0) : Zu^Zc 

we have (if U n Az{K, w)^$): 

hom(Zu;Z_4^(i4:,^)) = Z ■ g^j 

where 

gw ■■ Zu ^un^4x,-!«) '^Az{K,w) (75) 

(the first arrow is induced by the closed embedding U fl Az{K,w) C U; the second arrow is an open 
embedding) 

\i\5P>Az{K,w) = 0, then hom(Zu, Z^^(^^^)) = 0. 
So, 

— iT-w ' 9wt where Tiyj e Z, (76) 

and fa{w) = if U n Az{K, w) = 0. 
Analogously, hom{Zu, Zc) = Z ■ go, so 

/(O) = no • 50- (77) 

It also follows that: 

Claim 3.13 for every point s G U there are only finitely many w such that faiw) / and s G 
Az{K,w). 

Proof This follows from consideration of the induced map on stalks at s: 

ifa)s ■ (Zu). = Z ^ Z = ( AziK, W))s. 

w:seAz{K,w) weW" 

The image of this map must be contained in the direct sum of only finitely many copies of Z, the 
statement now follows. □ 
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3.16.6 Restriction to a sub-parallelogram V 

Let V C U be a parallelogram, V = AB'C'D', such that B' E (AB), D' E (AD) (so that C E U). 
The restriction 

/<T,v := /criv : — > ^ ffi ^ '^A4K,w) 

w 

can thus be expressed as 

/o-,v = ?^o-S'o|v+ ^ "'«;-5'i«|v- 
Here g'ujiv is the following composition: 



and is the same as in ( 75 ) . 



Let S C consist of all w such that 7^ and g«,|v 7^ 0. We can now rewrite 

fa,v = '^n^-gwW (78) 

Observe that 

g^\v^OmVnA,{K,w)^(l). (79) 
Next, there are only finitely many w such that f{w) 7^ and Az{K, w)ri'V ^ 0. Indeed, Az{K, tt;)nV 7^ 



implies C E ^^(ir, zu), and we can set z = C" in Claim 3.13, This shows that S" is a finite set. 



We comment that restricting from U to V was done in order to obtain this finiteness of S. 
3.16.7 Proof of a weaker version of the Theorem 

We are going to prove the following statement: there exists a small set T C V + K , such that cT|vnv 
extends to V, where V := (V + K)\{T + K) . 

G 

Define the extensions Zv+a' '^Az{K,w) follows: 

Gw ■ Zv+A — > '^(v+K)nAziK,w) '^Az{K,w), 

where the map c is the restriction onto a closed subset and the second map is induced by the embedding 
of an open subset). 

Let Go : '^v+K — ^ be the map coming from the open embedding of the corresponding sets. 
Let 

'^Az(K^w) 1 



where the coefficients , uq are the same as in ( 76 ) , ( 77 ) . Let Jv : — "^v+K be the map coming 



from the open embedding of the corresponding sets. We have: 

fa,V = F^^vJv. (80) 
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Let us now find a a subset V C V + iC such that Qo Fa-^v\v = 0. This vanishing along with (80) imply 
that Fo-,v determines an extension of cj|v onto V. 

1) Consider the through map for some w £ S: 



/ct.V 




z 



Pu, is the projection onto a direct summand, and the middle map is Qz- 



By (74), I3w = 0; on the other hand, /3w = nw ■ hw, where 

7 r77 Gin rjj TGStV fjj 

tlw : /-V ^Az{K,w) ^A4r-c,w)- 

But /i^ = iff Vn A(r-a;«i) = 0. So if / 0, then 



Since w £ S and because of ( 79 ) , we have 



vnAz{K-w) / 



Prom ([81]) and ([82]) it follows that {V + K) D Az{r^a;w) = 0. Hence, we have 



(81) 
(82) 
(83) 



Let us now consider the maps no Qo F^-.v, where k is the projection onto (Bw'^Az(ra,w) shown in 
the following diagram: 




Let M,„ : 



be the components of the map g^""". Let 



— ^ ® '^Azircw) 



^A(rQ;«>) 



A = {ti;' : 3weS : iVw / or M^> / 0}c W°. 



Here S is as in (78), Ny^y^i := and the same as in Prop. |3.6[ (Remark, however, 

that the statement of the Prop [3^ is not used here. ) 

Por each w' £ W° let us write 

AziK,w') = dyj' +K. 



Set r := {d^i : w' € A} C C. As S is finite (see end of section 3.16.6), for any s € C there are 
only finitely many w' G A : A{K, w') B s. Equivalently there are only finitely many w' such that 
d,,,' G s — K so that P is small . 



Let 



TTw : ^ Z£._4^(rc,«>') ^Az{ra,w) 

be the projection. It follows that n^nQF^y / only if w £ A. Set V := V + K\{T + K). It 
follows that tt^kQ-FvIv = Oi which implies kQFo-,v|v = 0. Taking into account (83), we conclude 
QFcT.vlv = 0, i.e. crlvnv extends onto V, as we wanted. 
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3.16.8 Proof of the theorem for U 



Denote by a' the extension of cr |vnv onto V. Observe that the set V H U is connected and that 
V n V C V n U. Thus, a and a' are two extensions of <T|vnv onto V n U. By Sec 3.14.1 we have 
<7|vnu = f'lvnu- Thus, a extends to V U U which is of the required type. □ 



4 Orthogonality criterion — a simplified version 



The goal of this section is to prove Theorem 4.1 below. This theorem will only be used in the next 
Section [H 



4.1 Formulation of the Theorem 

Let X be a smooth manifold. We will work on a manifold 1" = X x M x M. Let us refer to points of 
Y as {x, si, S2) G X X M X M. Let Pi,P2 '.Y ^ X xM.he projections 

Pi{x,Sl,S2) = {x,Si). 

Let us refer to points of T*Y as (x, si, S2, w, aidsi, 02^52), where uj G T*X] aidsi G r*^M; a2ds2 G 
T^^M. Let Vty C T*Y be the closed subset consisting of all points (x, si, S2) oidsi, 02^52) where 
ai = or 02 = (or both). Let Cy C D(y) be the full subcategory consisting of all objects 
microsupported within Q.y. Let ^Cy be the left orthogonal complement to Cy (consisting of all 
F G D(y) such that RHom{F, G) = for all G G D(y)). 

Theorem 4.1 F G ^Cy iff RPnF = RP21F = 0. 

Let us start with proving that F G '^Cy implies RPi\F = RP2\F = 0. Indeed, given any G G D(X xM), 
we have 

RHom{RPvF; G) = RHom{F, P[G). 

It is well known that every element {x, si, S2,uj,aidsi + 02(^^2) G S.S.{p\G) satisfies 02 = 0, i.e. 
P'iGeCy and 

RHom{RPvF;G) = RHom{F,PiG) = 0. 
As G is arbitrary, we conclude RPnF = 0. One can prove the equality RP2\F = in a similar way. 
The rest of this section will be devoted to proving the opposite implication: 

Theorem 4.2 Let F G D(y) satisfy RPv.F = RP2\F = 0. Let GeCy. Then RHom{F, G) = 0. 

We start with introducing the major tool, namely a version of Fourier-Sato transform. 
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4.2 Fourier-Sato Kernel 

Let E be the dual real vector space to so that we have a pairing <, >: X — >■ M. Let us use 
the standard coordinates si, S2 on and ai, (72 on £^ so that 

< (Sl, -52), (CTI, (72) >= SlO-l + S2(72. 

Let 12 := -'^ X X Define projections tti, 7r2 : I2 — ^ 

7ri(a;, s, s') = (x, s); 

7r2(x, s,s') = 
where s = (si, S2) e and s' = {s[, 4) € K^- 
Let K C I2 X -E' be the following closed subset 

K = {iy,s,s\a)\{s-s',a)>0}. 

Let us also define the projections 

pi : Y2X E ^ Y2^Y■ 
P2 : Y2XE "^-^^ YxE. 
We then have the following functor: : T>{Y) -> D(y x E): 

:= Rp2^Rnom{ZK;PiF) 

which are modified versions of Fourier-Sato transform. Let us establish certain properties of these 
functors (similar to those of Fourier-Sato transform). 

4.2.1 Properties of the modified Fourier-Sato transform. 

Lemma 4.3 Let tte '■ Y x E Y be the projection. We then have a natural isomorphism 

Proof Let pe ■ Y2 x E ^ Y2 he the projection. We then have 

RTrE*^{F) ~ R'K2*RTiom{RpE\I^K; RnF). (84) 

(Indeed, one uses = tti o pE, the adjunction formula for pe\, and tte o p2 = tte ° 1^2- ) 
A simple computation shows that we have 

where A C I2 is the diagonal, i.e. the set of all points of the form (x, s, s). The statement now follows. 
□ 
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4.2.2 Singular support estimation 

Let us define the following set 

C := {{ai,a2)\ai = or as = 0} C ^. (85) 

Let U := E\C. 

Lemma 4.4 Suppose G € Cy- Then we have: 

S.S.(^'(G))nr*(y xU)c {{x,s,a,io,0,bda)} C T*{Y x ^7), 
where (x, s) £ X x R"^ = Y ; a £ U ; oj £ T*X; bda G T^U . 

Proof. First of all, by [KS, Prop.5.3.9], 

S.S.{Zk) = {i{s,s',a),Xd{s - s',a)) : X{s- s',a) =0, A > 0, {s-s',a)>0}. (86) 

By \KS\ proof of Prop. 5. 4. 2], S.S.piG is contained in the following subset of T*{Y2 x E): 

{x, s, s' , a, uj, ads, • ds' , • da), 

where {x,s,uj,ads) G rjy. 
Let us now check that 

S.S.p\Gn S.S.Zk C {zero section}. (87) 

Suppose we have an element rj in this intersection which does not belong to the zero section. It should 
be of the form as in (86 ). Since 77 7^ 0, A > and {s — s' , a) = 0. We have 

Xd{s — s ,a) = X{s — s' , da) + X{ds — ds' , a). 

The ds' component of rj is thus —X{ds',a). In order for rj £ S.S.vr^G, this component must vanish, 
which implies £7 = 0. Analogously, dc-component of must vanish as well, i.e. s — s' = 0. This implies 
that f] is in the zero section, contradiction. This proves (87). 

It now follows that 

^.^.RHomilK-JiG) C S.S.(piG) - S.S.(Zi^) 
(where " — " means subtraction in each fiber of T*(Y2 x E)), [KSl Cor. 6. 4. 5]), i.e. 

S.S. R'Hom(ZK;PiG) C {{x,s,s',a,uj,ads — Xd{s — s',a))} (88) 

where 

{x, s,UJ,ads) £ il.Y (89) 
and s,s' ,a, X satisfy the same conditions as in ([86]). 
Now let us estimate 

S.S.Rp2*Rnom{ZK;PiG) = S.S.(^(G)). 
By [T08l Lemma 3.3], we have: if {a')°d{s')^ / , then 

(2;°, (s')°, fT°,a;°, (a')°d(s')° + ^0^^^°) S.S.Rp2*R'Hom{ZK;PiG) 
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as long as: 



there exists e such that R%om{'LK]PiG) is nonsingular at all points (x*, s^,, s^, a-^, w*, a*ds + a'^ds' + 
bi,da), where 



|x*-x°|<e, any e M^, \s'^ - {s')'^\ < e, |c7* - fT°| < e, 



\uji, — uj"\ < e, 



\aJ < e, 



(90) 



(91) 



Thus, the proof of the lemma [44] reduces to the following statement: 

Let (x°, (s')°,CT°,a;°, ia'fd{s'f + boda'^) eT*{Y x E) satisfy: 

a) = ((7]',o"2) is such that 

cj? / and cr^ / 0; 

b) {a'f / 0. 

Then for some e > ^/lere are no solution (x*, s^^, s^, 0"^^, w^, a^^, a^, 6*) of the inequalities (90) satisfying 

(92) 



the conditions ( coming from ( 88 ) ) 



— X, Sjf — s, s^ — S , fJ^ — CJ, 

Wj, = (J, = a — Act, = Ao", 5* = — A(s — s'), 



SMc/i i/iai condition of (86) and (89) /lo/c/. 

Eliminating the variables with and conditions on x, uj, b, we must, for fixed 0- variables find e making 
the following list of conditions inconsistent: 

1. |s'-(s')°l <e 

2. |cr-o-°| < e 

3. \a — Xa\ < £ 

4. \\a-{a!f\ < e 

5. ai = or 02 = 

6. A > 

7. X{s - s',a) = 

8. (s - s',0-) > 

Indeed, suppose there is a solution to this system of inequalities such that ai = 0. Then by condition 
[3| |Acri| < e, i.e. 



|A|< 



ml 



By condition [2| 

\a\ < \a°\ + e. 
Combining condition [4[ with (93) and (94), obtain 



£ > id 



'\0 



Aa|>|(a')°| -A- (k°| +£)>!(«') 



/\0| 



(93) 
(94) 

(95) 
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If we choose e > to satisfy (cf. condition a) 



e < ^min{|cj?|>^|} 



then (95) yields 



e>\{a') 



/\0| 



2e 



CJV 



\A + e) 



(96) 



(97) 



We have assumed ai = above; if we assume 02 = (cf. condition Isl) , we get an analogous inequality. 



Choosing e > to satisfy (96) and to violate both (^97| and its analog for a2 = 0, finishes the proof. 



□ 



4.2.3 



Lemma 4.5 Let G £ ObiCy)- Then ^(G)|yx{/ = 0. 

Proof Let q: YxU^XxUhe the projection q{x, s, a) = {x, a). We have a natural map 

i : q-^Rq.{^{G)\Yxu) ^ '^{G)\yxU 



By virtue of lemma 4.4 and the fact that the fibers of q are diffeomorphic to M?, we see that l is an 
isomorphism. 

It now remains to show that Rq^{'^{G)\Yxu) = 0. 

Let Ku := K n {Y2 X U). Let qi : Y2 X U ^ Y X U, q2 : Y X U ^ Y, qs : Y X U ^ X X U he the 
projections 

qi{x,s,s',a) = (x,s',cr); 
q2{x,s,a) = {x,s); 



q3[x,s,a) = {x,a). 



In this notation, 



Rq^{'^{G)\Yxu) = Rq3*R'HomYxu{Rqi\'^Ki,;q2G). 
Finally, we observe that RqnT^Kxii = (pointwise computation). □ 

4.2.4 Representation of G 



Let ic C C E he the closed embedding; here C is as in (85). Let Kc := K n {Y2 x C). Let 

p'{ ■.Y2XC ^Y2^Y 

and 

pC ,Y2xC "^-^^ YxC. 



Let q*-" : Y X C ^ Y he the projection. Let G E Cy. It now follows from Lemma 4.5 that ^{G) 
(idy X i(7)*(idy X Z(7)~^^(G), which together with Lemma 4.3 yields a natural isomorphism 



G ^ Rq^'RpgRnomY.xci^KcdPiYGm. 
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So that we have an induced isomorphism 

RHomiF, G) ^ RHom{F; Rq^ RpgRnomY.ycci^Kc; iP^fGW]. 

Let us rewrite the RHS. 
First of all, set 

'K2--=(fv2 ■■ Y2XC Y : {x,s,s',a) ^ {x,s'). 

We then have 

RHom{F; Rq^ RpgRnomY.xci^Kc, {P?)-G)) 
= RHom{{TTg)-^F;'Hom{ZKc; (pf)'G')) 
= RHom{{TTg)-^F tE) Zkc, (pf 
Next, we factor = q^iTi , where 

t:O.^Y2xC "^-^^ Y X C 

so that we can continue 



Let us show that F := i?7r^((7r2') ^F '^Kc) — under assumtions on F from Theorem 4.2 Indeed, 
let (a,0) E C, a / 0. Then,' for any F € D(y), we have 

RPl\F = F|yx(a,0)- 

Similarly, 

RP2\F = F|yx(0,a)- 

Finally, 

RPo\F = F|yx(o,0)) 

where Pq : Y x C ^ Y is the projection. Since Pq passes through Pi, all the restriction listed vanish 
under assumptions from Theorem 4.2 This concludes the proof. 



5 Orthogonality criterion for a generalized strip 
5.1 Conventions and notations 



Let Q G (0,7r/2) be an acute angle, same as in Sec 1.1.1 



Set e = e f = e'" so that e, f is a basis of C over M and every complex number z can be uniquely 
written as z = xe + yf , x, y G M so that we identify 

using the coordinates (x,y). 
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Define a generalized strip which is a set of one of the following types: 
First type: 

S = {xe + y¥ : x > 7; y e {A, B)} C = C, (99) 
where —00 < 7 < 00 and —00 < A < B < 00. 
Second type: 

S = {xe + yf : x < 7; y e {A, B)} C = C, (100) 
where — c« < 7 < 00 and —00 < A < B < 00. 

5.1.1 Convolution 

Let M, N be smooth manifolds Define a convolution bi-functor 

* : D(M X M^) X B{N x M^) ^ D(Af x iV x M^) 

as follows. Denote 

A : M xR^ X N xR^ ^ M X N xR^ : A{m,u,n,v) = {m,n,u + v) (101) 
We now define 

F*S := RAi{FM^ S). 

5.1.2 The category Cs- 

Let f^s C T*(S X ]R2) be a closed conic subset consisting of all points 

{xi,yi,X2,y2,aidxi + bidyi; 02^x2 + 62dy2) 
where (a;i,yi) G S and (ai,6i) = ±(02,^2) • 

In terms of the complex coordinate z = xe + yf and the identification ( |98[ ) we have: 

J7s = {(2, s, adz + bds\z G S, s £ C,a = ±b}. 

Let Cs C D(S X M^) be the full subcategory consisting of all objects microsupported within Qs- 

5.1.3 Rays and /_ 
Let 

/+ := {{x, 0)\x > 0} C ; L := {{x, 0); x < 0} C M^ 

5.1.4 Projectors P± 

Let us define the following projectors P± : S x — )■ M^, where 

P±ixi,yi,X2,y2) = (xi±x2;yi±2/2). (102) 
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5.2 Formutation of the criterion 



Our criterion is then as follows. 

Proposition 5.1 Consider constant sheaves € D(M^). Let F G D(S x E?) and suppose that one 
of the natural maps 

Zi^*F ^Zq*F = F (103) 
Zi_*F -^Zo*F = F; (104) 

is a quasi-isomorphism. 

Suppose that both RP+\F = and RP^iF = 0. Then F G ^Cs- 



The rest of this section is devoted to proving this criterion under the assumption (103). The case 



( 104 ) is treated in a fairly similar way and is omitted. 



5.3 Fourier-Sato decomposition 

Denote by E the dual vector space to M'^. We have the standard identification E = M?. Let (, ) be 
the standard pairing E xR'^ ^R. Let Z C E xR'^; Z = {{C,u)\{C,u) > 0}. 

As was explained above, we have the convolution 

* : B{E X R^) X D(S x M^) ^ B{E xSx R^). 

For F G D(S x M^) get 

¥{F) :=Zz * F eniE X S xR^), (105) 

where Zz G B{E x M^) ig 

the constant sheaf on Z. Notice that ¥[F) is an analog of (but is not 
directly equal to) the Fourier-Sato transform of [KS, Ch.3.7]. 

Lemma 5.2 (Fourier-Sato decomposition of F) Consider the projection q : E X S xR^ ^ S xR"^. 
Then for any F G D(S x M^), we have a natural isomorphism 

Rqi¥{F)[2] ^ F. 

Proof. Let us introduce the following projections (where, e.g., p2i means the projection onto the 
2-nd and the 4-th factor): 

X s X m2 X r2 



E xSxR"^ 




S X 



P13 



Introduce the following closed subset 

Z' = {{^,z,x,y) : (C, X - y) > 0} C X S X r2 X R^. 
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We can now rewrite: 
hence 

Rqi¥{F) = RpmRp2Zi\{'Lz'®P2lF) = 
(projection formula [KS, Prop.2.5.13(ii)] is used) 

= Rpi3\{Rp234\Zz' '^r'^F) 

We have a natural isomorphism Rp234\'^z' — ^Sxa[— 2], where A C x is the diagonal. The 
result now follows. □ 

5.4 Transfer of the conditions RP±\F = to FF 

Claim 5.3 Let F G D(S x M^) satisfy RP±\F = 0. We then have R{idE x P±)^¥{F) = 0. 

Proof. Let us pick a point (??, sq) G x and show that, say, R{}dE x P+)!F(F)|(^ = 0. We 
have: 

RiidE X P+),F(F)|(^,,„) = RT,{E X S X (j^^ x P+)-1Z(^,,„) ®^ F(F)) 
= i?r,(i? X S X M2;Z(id^^P^)-i(^,,„) ® K F)) 



KSl PropJ.5.13(ii)] ^^^^^ X M2 X S X ; ® ^^2 ® ^34' ^) > (106) 

where: 

P12 : F X X S X ^ F X 
is the projection onto the first two factors; 

P34 : F X X S X ^ S X 

is the projection onto the last two factors; and finally, 

A : FxM^xSxM^ E x S x R^ : [r], si, z, S2) ^ {v, z, si + S2) 



(as in pM| )) 



We have: 

A~^(idE X P+)~^(?7,so) = {(??, si,2;,S2)|si + 52 + 2 = sq}. 

Note that 

^A-i(idi3xP+)-i(»),so) '^Pr2^^^ = ^A-i{idBxP+)-i{r?,so) ® ^p-jiz = ^(A-i(idBxP+)-i(,7,so))np^2iZ 

and put 

T := {A^\idE x P+y\v, sq)) np:^^Z = {(r/, si, S2)|si + z + 53 = so; si) > 0}. 

Denote by i the restriction of P34 to T: 

i : T^SxM^ : T B {r], si, z, S2) ^ {z, S2). 
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We see that i is a closed embedding and that 

i{T) = {{z, s)\{r], so-s-z)>0} = P^^K, K = {w\ {rj, so-w)>0}c R^, 
where P+ : S x 



p2 ; 



is as in (102). 



We thus can continue our computation from ( 106 ) 



RTc{S X R^; {RpshZt) F[-4]) = RTc{S x M^;^ ^ f[-A]) 



= RTc{E X X S X M^; Zt Ps^F) 
(using that p^^F ~ p^4F[— 4] since the fibers of P34 are homeomorphic to and that Rps^ip^^F ~ F) 

i{T) 

RTciS X R-^Zk F[-4]) = 

RTc{R^; Zk «> RP+iF[-i]) = 0. 
The equahty RP^\¥F = can be proven in the same way. □ 



KSl Prop.2.5.13(ii)] 



5.5 Fourier-Sato decomposition for sheaves satisfying (103) 

Define: 

n+= {(€,??) G^ie>o} CE. 



Suppose ( 103 ) is the case. Then we have 

¥{F) ^ ¥{Zi^ * F) ^ {Zz*Zi^)* F. 

5.5.1 Computing Zz * Zi^ 

Introduce the following subset 

Z+:= ZD (n+ X M^) c n+ X M^. 
Lemma 5.4 We have an isomorphism 

Zz * Zi^ = Zz+ ■ 

Proof. The inclusion {0} 1+ induces a map 

Zz * Zi_^_ — )■ Zz *Zq = Zz- 

It suffices to prove the following two statements: 
1) Let X G Z+ C X The map 

{Zz*Zi.), ^ {Zz.), = Z, 



(107) 



fl08) 



(109) 



(110) 



(111) 



induced by (110), is an isomorphism. 
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2) Let xe{E X R'^)\Z+. Then {Zz * I^i+)x = 0. 



In preparation for the proof of 1) and 2), for a point x := {C,v) £ E x M^, let us introduce a set 
Kx = {{C,ui,U2)\{C,ui) e Z;u2e L+;ui + U2 = v} C E x x , 

so that we have 



Let 

so that 



L^{{C,ui,U2)\iC,ui) e Z;u2 = 0;ui + U2 = v} C E X R^ X R^ 
{Zz*Zo), = RTciL,,ZLj. 



(112) 



(113) 



We have Lx C Kx is a closed subset. Under the identifications (112), (113), the map (111) corresponds 
to the restriction map 

Let V = {vi, V2), C = (C) v)- We then have 

Kx = V), ixi,V2), (X2, 0)1^X1 + -qyi >0;X2> 0;xi + X2 = vi}. 

The subset Lx C consists of all points with X2 = 0. 
The set is identified with the set 

K'x := {(xi,yi) G R^\^xi + r]yi >0;xi< vi}. 

The set Lx gets identified with the subset L'x of K'x consisting of all points with xi = vi. 

Let us check 1). Let vr : — )■ M be the projection onto the second coordinate. It suffices to check 
that the natural map 

X ■ X 

(induced by the embedding L^ C K'x) is an isomorphism. We further reduce the statement so that it 
reads: the following induced map on stalks at every point y G M is an isomorphism: 



We have 



where 



{RTT\ZK^)y {RirrZL'Jy. 

{R7r^ZK'Jy = Rrc{Ky;ZK'J; 
{R7rrZL'Jy = R^c{L'xy,ZL'J; 

K'^y = {{xi,y) e R^\ixi + TO > 0; XI < vi}; 



(114) 
(115) 

(116) 
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L'^y = {{xi.y) G ^^\ixi + ??y > 0; XI = vi}. 
The map (114) corresponds to the natural map 

RT,{K',y,ZK>;) ^ RT.iL'^y-'LuJ (117) 

induced by the closed embedding L'^y C K'^y 

We have > (because x G 11+ which case either both L'^y and K'^y are empty sets, or 

K'^y is a closed segment and L'^y is its boundary point, which implies that (117) and hence (114) are 
isomorphisms. 



Let us now check 2). We have ^ < 0. It suffices to check that {RTr\1jK^)y=0 for all y G M. Using (115), 
we can equivalently rewrite this condition as follows: 

RT{K';Zk') = 0. 



As follows from (116), the condition ^ < implies that K'^y is homeomorphic to a closed ray, which 
implies the statement. □. 



Combining (108) and (109), we immediately obtain: 
Corollary 5.5 Suppose F G D(S x M^) satisfies ([lOSj). Then 

supp F(F) C n+ X S X M 



(118) 



Motivated by the corollary |5.5[ set 

F'(F) := F(F)|n^^sxM2 e D(n+ x S x M^), 

so that 



¥'{F) = 1 

Let 7r+ : 11+ x S x — > S x be the projection. 



* F. 



Lemma 5.2 and (118) imply the following isomorphism: 

F\-2\ ~ i?7r+!F'(F) = i?7r+!(Zz+ * F). 



5.5.2 Further reformulation 

Let us introduce a map 

Let also 



Q ■ n+^M, Q(e,r?) = r?/e. 
g:RxSxR2^Sx]R2 



be the projection. Finally, let us set 

W := {(a, {x,y))\x + ay > 0} C M x 



(119) 



(120) 
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There is a commutative diagram with a Cartesian square: 

P2 ^ TT ..Tn.2^c..ra2 QxiVxSxRZ 



Z+ X S X c n+ X M2 X S X 

A 

n I X s X ™2 




□ 

Qxidg^j,2 




xM^xSxM^ D H^xSxM^ (121) 
A 



S X 



The map A in this diagram is induced by the addition x 
Lemma 5.6 i) 'Zz+ * F is constant along fibers of Q x idsxiR2 " in the sense that 

Zz^ * F ^ {Q X ids^^2rH^w * F); 



(122) 
(123) 



ii) If F satisfies (103), then there is a quasi-isomorphism 

F ^ Rq^X^W * F)[l]. 

Proof From the definition of a constant sheaf as a pull-back of Zpt, we have {Q x id^2] 
^z+x SxR^i ^iid then, by the base change |KS| (2.5.6)] in the Cartesian square of (121), we obtain 

(iS. 



■•WxSxl 



To prove (123), write 



F ^ Rtt+i{Zz+ * F)[2] W Rtt+XQ x idg 
Rtt+XQ X idsxR2)-^RA\iZw^F)[2]=Rq,R{Qxidsy,K2)\{Q x ids> 



Zw*F)[2] = 
■.)-^RAi{Zw^F)[2] 



g-i = q![-i] 



Rq,RiQ X idsxR2)!(Q x idsxR2)'(Ziy * F)[l]=RqXZw * F)[l]. 



□ 



5.5.3 Rewriting the map (123) 



Define a map / : M x — )• i?, where R is another copy of M, as follows: l{a, x, y) :- 
Let 

L:MxSxM2^MxSxi?; 
be given by L(a, z, u) = (a, z, /(a, u)). 
Let T^' C M X ]R2 X be given by 

H^' = {(a, (xi,yi),t)|t-x-ay >0}. 



X + ay. 
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Let 



and 



PS : K X S X r2 X i? ^ R X X i?; 



M X S X X ^ S X M^; 
xSxM^xi^^MxSxi? 



be projections. 

We have the foUowing cartesian diagram: 



(o, ui, z, U2) I ^ (a, z, U2,i{a, ui + M2)) 



{a,ui,z,U2) e R X X S X 



(a, z, ui + U2) e R X S X 



p2 ^' 



□ 

L 



X S X R2 X i? 3 

-R X S X i? 9 



(a, z, n, t) 
(a,z,t) 



(a, z, u) h- 



*- (a, z, l{a, u)) 

and X R2^ X S = L-i(PF' x S). 

By the base change |KS| (2.5.6)] apphed to the diagram (124), we have for ah F satisfying 



Denote 



■=Zw *F := Rp^2i{p^lj^F (g)ps^Zw') G D(R x S x 



5.5.4 Transferring Claim [5T3] to 

Let P4 : R X S X R X be given by 

P!^{a,{x,y),t) = {a,x + ay ±t). 



Lemma 5.7 If F e D(S x R^) satisfies both (103) and RP+\F = then 



= 0. 



Analogously, if F satisfies both (104) and RP^\F = 0, then RP'_^{^f) = 0. 
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Proof of Lemma |5.7[ Extend the diagram (|124|) as follows: 



X X S X 



!)2 L 



X s X m2 4^ni X s 



Qxidc 



X S X 



!)2 L 



E X 



Tn,2 ^ i^xid 



idn , X P+ 



-^n . X m2 



)xid„ 



idi{XP+ 
Tn>2 



X S X X 



X S X i? 

M X 



(a, w) I ^ (a, i{a, w)) 

where l : 11+ ^ ii^ is the open inclusion. 

We have Z+ = Z n {i x idig2)n+ and = {i x idig2)~^Z^. Thus by the base change | i.KS i (2.5.6)], 
* F e D(n+ X S X M?) is quasi-isomorphic to (l x idsx^2)~^(Zz * F). Thus, 



i?(idn, X P+)i{Zz.*F) 



H (2.5.6)] 



{i X idK2)-^i?(idij X P+),{Zz * F) ci^i^Elo. 



But on the other hand. 



hence 



F(F) ^ Zz^*F ^ {Q X ids,^.)-\Zw * F) ^ {Q x ids^^.y^L-'^F 



R{idn+ X X idsxR2)"^^"^^F = 



or applying the base change jKSl (2.5.6)] to the middle and right bottom squares of (128), we have 



(Q X id^2)-HLT^RP'^,{^F) = 0. 

Since both maps {Q x id^2) and L' are locally trivial fibrations with a vector space as a fiber, we 
conclude that RP'^^f = 0. □ 



5.6 Rewriting the condition of orthogonality to C 



Let F satisfy the conditions of Proposition 5.1 (assuming (103). Let H G Cs, where Cg is defined in 
section 



5.1.2, Proposition |5 . 1 1 now reduces to proving that RHom{F, H) = 0. 



Let us investigate RHom{F, H) using the representation (123) of F. We have: 

RUom{F,H) ^ RRom{Rqi{Zw * F),H)[-1] ^ RRom{Rq,L-\^F); H)[-l] 

= RRom^^SxRi<^F;RLWH)[-l]. (129) 
Singular support estimate shows that 



56 



Proposition 5.8 We have: 
where 



S.S.RL^q H C Qn, 



nn:= [j {{a,xi,yi,t,R.{d{xi + ayi)±dt)+R.da)} 

"+" and "-" 

and where a G M, {xi,yi) £ S, t €z R. 



(130) 



Proof Because qis a projection on a direct factor, by \KS\ Prop.3.3.2(ii)] we have S.S.q H = S.S.q 
which in turn can be, using |KS[ Prop. 5. 4. 13], estimated by (in the notation of that proposition) 
'q'{q-HS.S.{H))); thus 

S.S.q' H C {a, z,u, ada + vdu : C = ±v}. 

By [KSl Prop.5.4.4], 



S.S.RL^q' H <Z Lt^(^ L' ^{a, z,u, ada + (dz + vdu : C = ±v}). 



We have 



Thus 



T*{Ra X X M2^(^_^)) ^ Ma X S, X M^^^^^^^ X(K„xS.xR,) T* (Ra X S, X Rt) 

(a, z, u, ada + C,dz + S,dx + r]dy) (a, z, u, ada + Qdz + rdt) 

v = {i,'n) t = £{a,u) 

dx + ady + yda -f-)- dt. 

S.S.RL^q H C L7r({a, ti, ada + + 'T'di : C = ='=''"(1; o^)}) = 
= {a, z, t, ada + + Tdt : C, = ^T{\^a)} 



which is equivalent to (130). □ 



Thus, Proposition 5.1 follows from the following one: 



Claim 5.9 Let ^f,'H G D(Mx S x R) satisfy: RP!^,^f = (where P4 are as in ^2^); S.S.n C Qn, 
where ri-^ is as in (130). Then we have: 



RHomi^F]^) = 0. 



5.7 Subdivision into 3 cases 

We are going to subdivide the space Rx S x R with coordinates {a, z,u) into 3 parts according to the 
sign of a. 
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5.7.1 Subdivision of R x S x 



C/+ := (0, oo) X S X i? c M X S X i? 
[/_ := (-00, 0) xS X RcRx S X R; 
Uo:=OxSx RcRxSx R. 



Denote 



j±:U±^RxSxR 
the corresponding open embeddings and by 

io:Uo^MxSxR 

the corresponding closed embedding. 



5.7.2 Subdivision of 
Set 

We have a distinguished triangle 



(131) 



Let 



be the restrictions of from (126) onto [/+, ?7_, and C/q- Base change theorem implies that 



P^r^_ =0; 

P^f^o = 0. 



5.7.3 Subdivision of U 

Let n± G D(C/±); 

Let -Hq G D([/o); 

"Ho := i'o^- 

Let us estimate the microsupports of these objects. Let 

■.= nnnT*U±cT*U±, 
where we assume the embeddings r*f/-|- C r*(M x S x i?) induced by j±. 
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It is immediate that S.S.{7i±) C ^u±- 
Let 

no:= [j {{xi,yi,t,R.{dxi±dt)} CT*{S X R), 



and 



where, same as in (130), are coordinates on S, and t on R. 

Corollary [KS] 6.4.4(ii) implies that 

S.S.(?^o) c no. 



5.7.4 Subdivision of Claim (5.9) 



By virtue of the distinguished triangle in (131), Claim (5.9) gets split into showing the following 
vanishings: 

i?iJomKxSxi?(i+!^'+;^) = Riiomu+{'^+;n+) = 0; 
i?//omRxSxR(j-!^-;H) = RRomuA'^-;'^-) = 0; 
RHomKxSxR{io^+;'H) = i?Homc/(,(«>o; "Wo) = 0. 

Our task now reduces to showing the following 3 statements: 

Claim 5.10 Let ^>+,^+ G D(C/+). Suppose RP^^^+ = and S.S.('H+) C nu+. Then 

RHom{^+,n+) = 0. 

Claim 5.11 Let ^>_,^_ E D(C/_). Suppose RP^{^+ = and S.S.(^_) C VLu_. Then 

RHom{^^,n^) = 0. 

Claim 5.12 Let ^q.Uq G D(C/o). Suppose RP^f<^o = and S.S.(-Ho) C l^c/o- Then 

RHom{<^o,no) = 0. 

5.7.5 Furhter reduction 

Let <0 be one of the symbols: +, — , or 0. Let 1+ := (0, oo); I := (— oo, 0); Iq := {0}. Let 

Q'^ X S X R^ L^ xRx R 

be given by 

Q'o{a,{x,y),t) := {a,x + ay,t) 

(in the case {> = we assume a = 0). Denote by C M x M x the image of Q'^. Depending on 
S, V<j> can be of one of the following types: 

1) For some linear function /<> : — M, 

= {{a,v,t)\a e I(^;v > /(a);}. 
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In this case, set := x (0, oo) x R; set 

Qi : C/o ^ U^, 
Qi{a, {x,y),t) := {a,x + ay- f{a),t). 
2) For some linear function f^:I^^ M, 

= {{a,v,t)\a el(^;v< f{a)}. 
In this case, set U<) := x (—00, 0) x R; set 

Qi-.U^^ Uo; 
Qi{a, (x, y),t) := (a, x + ay - f{a),t). 

3) 

Vo = 7o x M x i?. 
In this case, set U<;> := x (—00, 00) x M; set Qi : f/^ — ^ U^, 

Qi{a, {x, y),t) := (a, x + ay, t). 

It is easy to see that in each of the cases the map Qi is surjective; furthermore it is a smooth fibration 
with its typical fiber diffeomorphic to M. We also see that the 1-forms from Clu^ vanish on fibers of 
Qi, which implies that the natural map 

Q[RQv.Ho 

is an isomorphism. 
Set 

£0 := RQvn<^e-D{V^). 
Define conic closed subsets riu± C r*U± as follows: 

^u± := (j {{a,v,t,R.{dv±dt)+R.da}, 

"+" and "-" 

where (a, v, t) G U± C /± x M x i?. Define a conic closed subset Vtjj^ C T*\Jq: 

Ou± := U {{'d,v,t,^.{dv±dt)}. 

"+" and "-" 

It is easy to see that 

s.s.(/:^) c Ou.. 
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5.7.6 

We have 

RHom{'^^;n^) = RHom{<P^;Q[C^) = RH omu ^ {RQ ii<^ ^ ; C^). 

Set Go := RQv.<^^. Let P± * : Uo MxM be the restrictions of the following maps MxMxi? ^ MxR: 

{a,v,t) ^ {a,v ±t). (132) 

It now follows that 

RpZ^G(^ = 0. 



So, we can rewrite Claims 5.10 — 5.12 as follows. 
Claim 5.13 Let G^,Co^ D(Uo) satisfy: 

-R-P^*Go = 0; (133) 
S.S.{C^) G Qu^. Then RHom{G^; C^) = 0. 

5.8 The case = x (—00,00) x R 



This case follows from Theorem |4.1| below. Below, we are going to consider the case = x 
{0,00) X M. The case Uo = I<) x (— oo,0) x M is fairly similar. 



5.9 Proof of Claim 5.13 for = I^x (0, 00) x 



As above, our major tool is development of a certain representation of G. 

5.9.1 Representation of G 

Let Vi C /o ^ ^ (0> 00) ^ be given by 

Vi = {{a,u,v,t)\ \t\ < v}. (134) 

Let V := X R X (0, 00) x (0, 00). We have an identification J : V ^ Vi, 

Jia,u,^i,^2) = ia,u,^^^^^,^^-^). (135) 

Let Ii : Vi — ^ /o X (0, 00) x M be given by 

Ii{a,u,v,t) = {a,v,u + t). (136) 

Let I = Ii J: 

I(a,'",6,6) = [a, — ^ — — ), 
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so that = V + t; ^2 = V — t. 
Let qi,q2 :V X ]R>o x ]R>o, 



gi(a,u,^i,^2) = (a,u,^i), z = l,2. 



(137) 



Let us summarize our notation in the following diagram (a wavy line indicates that a sheaf is defined 
over the given space): 



(a, u, V, t) h 



(a, v,u + t) 



X X M X (M>o X M) 



H 



V\ = {(a,n,t>,t) : \t\ < v} 
J 



y = X R X R>o X R>o 




G 



(a, -",6, 6) ^- 



Claim 5.14 Suppose that an object G G D(/^ x (0,oo) x R) satisfies (133) both with the sign 
and with the sign There exists an object H G D(l^) such that 
1 ) both Rqv.H ~ and Rq2\H ~ 0; 
(2)RIiH ~ G. 



Remark. Observe that (133) reads as follows: RP^^G = 0, where 

>RxR : Pl{a,v,t) = {a,v±t), 



P^-.I^x (0, oo) X 



(138) 



same as in (132). 



Proof of this Claim will occupy the next subsection 



5.10 Proof of Claim im 

5.10.1 Functors ri and r2 and their properties 

For F £ D(-^^ X R X (0,oo) x (0, oo)) we have natural maps (coming from the adjunction) 

F^q[Rqi,F; F ^ q2Rq2\F. (139) 



Let ri{F),r2{F) be the cones of these maps so that we have natural maps (in the conventions of |KS1 
Ch.1.4]) 

ri(F)^F[l] (140) 
r2{F)^F[l]. (141) 

We therefore have a composition map 

rir2F ^ F[2\. (142) 



62 



Lemma 5.15 We have Rqi\rir2 = Rq2lfiT2 = 0. 



Proof First of all we observe that 

Rqv.n ~ 0, Rq2\r2 ~ 0. (143) 



Indeed, the question boils down to showing that Rqi\ applied to (139) yields a quasi-isomorphism 
RqvF 4 Rqi^qiRqvF. 

There is a natural transformation of endofunctors on D(/^ x M x (0,c«)): e : Rqi\q[ — )■ Id (since Rqw 
is left adjoint to q\). Since qi is a projection along (0,oo), it is well known that e is an isomorphism 
of functors. By |MacLane| Ch.IV.l, Th.l(ii)], there is a diagram 

Rqv.F Rqi]q[Rqi\F 

id 

Rqv.F 

in which the vertical arrow is induced by e, which implies that the vertical arrow is an isomorphism, 
hence, so is the horizontal arrow. This finishes proof of (143). 

Secondly, we have a natural quasi-isomorphism 

rir2 ~ r2ri. (144) 

Indeed, let us represent qi,q2 as convolution with kernels. Let A, B, C be smooth manifolds. We have 
the convolution bifunctor o : T){A x B) x T){B x C) ^ T){A x C) defined by 

FoG = Rt^ac\{t^-abF®t^bcG)- (145) 

Let A = M, i?i = i?2 = (0, oo), C = pt so that F is a sheaf on AxBixB2, qi : A1XB1XB2 ^ AxBixC 
is the projection along B2. 

We have Rqv.F = F o Zb2xC- 

Set qfG^qi'G[l]=GoZc><BM 

Let us construct an isomorphism (natural in F and G) 

RHom{RqvF; G) ^ RHom{F; qfG). 

Fix one of the two maps / : AiZ^j — )• ZB2XB2 [1] such that the induced map RP\A\Zb2 — > RP\'^B2xB2 [1] 
is an isomorphism, where P : B2 x B2 ^ B2 is the projection along the second factor. We have an 
induced map 

a : F ^ F o A1ZB2 F o Zb2xB2[M ^ qf RqvF 
It follows that this map induces an isomorphism 

Rqv.F Rqv.qf Rqv.F- (146) 

The induced map 

RHom{Rqv.F- G) RHom{qf RqvF; qfG) ^ RHom{F; qfG) (147) 
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is an isomorphism for all F,G. Indeed, the right arrow is an isomorphism because of ( |146 ). The 
left arrow is an isomorphism because we have an isomorphism of functors (?f G = GM Z[l] and the 
statement now follows from the Kuenneth formula. 

Thus we have constructed an adjunction between the functors and Rqw in the sense of [MacLaiiel 



Ch.IV.l]. In case G = Rqi\F, the map (147) sends idnq-^^^p to ^^(idijg^ij?) o a = a, therefore a is 
the universal arrow associated to the adjunction (147) in the sense of [MacLanet Ch.IV.l, p. 81]; by 
the uniqueness of an adjoint functor, see [MacLanel Cor.l, Ch.IV.l, p. 85] and its proof, this means 
that a coincides with the "standard" adjunction map (coming from [KS, Ch.3.1]) up to some natural 
autoequivalence of the functor q\Rqi\. This means that we have a canonical isomorphism of functors 
q'^ = q^ so that we won't make difference between qf and q[ We have 



qiRqvF = F o {Zb,>cC o ^CxB^M = F o Zb^xbJI]- 
The above consideration shows that riF = Cone a ~ F o Ci, where Ci := 

Analogously, r2F ~ F o £2, where £2 := Cone(I : AiZ^i — ^ Z^ixBi [l])• 
Therefore, 

rir2F ~ F o [£i Kl £2] — 'i^2riF, 

as we wanted. 



(148) 



Cone(/ : AiZ^^ 



We now have: Rqv.fif2 = because of (143) and 



Rq2\rir2 Rq2\f'2f'i 0. 



(149) 



This accomplishes proof of Lemma. □ 



5.10.2 Construction of the object H and proof of the Claim 5.14 1) 

We set <I> = I'G and H := rir2($). Lemma 



part 1) of the Claim 5.14 



5.15 



says that RqnH ~ and Rq2\H ~ 0, which proves 



5.10.3 Reduction of part 2) of the Claim 5.14 



Let us deduce part 2) of the Claim 5.14 from the following statement. 
We have a map 

iH : H = rir2^ $[2], 



where the right arrow is defined in (142). Let us apply the functor i^Ii to lh so as to get a map 

Rl^H RLM2] (150) 



Claim 5.16 The map (150) is an isomorhpism. 
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This Claim implies part 2) of the Claim 5.14 Indeed, we can rewrite (150) as follows. 



RIiH = RLTG[2] ^ G[2], 

where the rightmost arrow is an isomorphism because I is a smooth fibration with fibers diffeomorphic 
to M^. 



We now pass to proving Claim 5.16 



5.10.4 Subdivision into 3 cases 



The map (150) factors as 



ffl!rir2($) W RIir2{^)[l] ^ RIvM2]. 

As to = <I> and by [KSJ Prop.l.4.4.(TR3)], the cone of the right arrow is isomorphic to RI\q2Rq2\i'G[2]. 
Analogously, the cone of the left arrow is RIiq[Rqi\r2^[l] which, by definition of r2, is the cone of the 
natural arrow 

RI\q[Rqi\X'G — RI\q[Rqi\Rq2Rq2\^'G- 



Thus, isomorphicity of (150) is implied by the following three vanishing statements: 

1) RLqlRq2\I-G ~ 

2) RLq[RqvX-G 0; 

3) RIiq[Rqiiq2Rq2<J-G ~ 0. 

5.10.5 Proof of the 1-st and the 2-nd vanishing 

Let V2 := X R X (0,00)"^. Let tti,tt2 : V2 be given by 

7i"i(a, 17,41,^2,^1,^2) = (a,^^,6,6) 

and 

vr2(a,t;, 6, 6,^1,^2) = {a,v,^[,Q 
Let L2, C V2 be a closed subset of the form: 

L2 ■■={{a,v,C,,^2,^'i,Q\C2 = Q; 
Lemma 5.17 For any F G D(y) we have 

q2Rq2\F = Rtt2i{Zl, ®^2'^F). 



Proof Similar to proof of (148). □ 



Let X2 := X ((0,00) X M) X ((0, 00) x M). Let irf ,112 : X2 — t- x (0, 00) x M be the projections 
along the 3rd and the 2nd factors respectively. Define closed subsets L± C X2: 

L± = {(a, (si, ti), (S2, t2)) G X ((0, 00) X M) X ((0, 00) x M) : si±ti = S2± 12] 
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Lemma 5.18 For any F £ T){I± x (0, oo) x M), 

{P^y^RP^,F = Rtt^ ® vrf " V), 
where the map P}_ was defined in ( 138| ). 



Proof. The proof is analogous to the proof of lemma 5.17 



□ 



We now have 

,-1 D„_.T-1 



Rl\q2Rq2\i--G[-2] ~ RIiq:^'Rq2\I''G 

0(4)-iG), (151) 



where vr^ = Ivrj : V2— x (0,oo) xM, as easily follows from Lemma 5.17 
Let us define the following map 

J2 : /<> X R X ((0, 00) X M) X ((0, 00) x M) ^ x ((0, 00) x M) x ((0, 00) x R) = X2 

as follows: 

J2{a,V,{si,ti),{s2,t2)) = {a,Si,V + ti,S2,V + t2). 

Let us also define a map (which is a closed embedding) 

K2:V2^ I^xRx ((0, cx)) X M) X ((0, 00) x M) 

as follows: 

i^2(a,i', 6,^2,^1, 42) := (a, I', — ^ — ; — ^ — , — ^ — ; — ^ — )• 
It follows that vr^ = tt^ J2K2; VTg = J2K2 



We can now rewrite (151) as follows: 



Rl\q2Rq2\^-G[-2] ~ Rl^q^^ Rq2\r^ G 

~ i?^^ {iRJ2iRK2iZL,) ® (^f)"^G), (152) 

Let 

L2 C X M X ((0, 00) X M) X ((0, 00) X M) 
be a closed subset consisting of all points (a, f , si, ti, S2, ^2) with si — ti = S2 — i2- 

It is easy to see that K2{L2) C L2 is an open embedding. Indeed, K2{L2) consists of all points 
(a, u,si,ti,S2,t2) with si - ii = S2 - t2 , si > l^il, •S2 > |*2|- 
Therefore, we have a map RK2\'^l2 ~^ ^L'j which induces a map 

R7r^{{RJ2]RK2]ZL,) (E) (vrf )-^G) ^ Rtt^{{RJ2\Zl>^) (vrf )-iG). (153) 
The cone of this arrow equals 

R7r^^{M^^{7rf)-^G), 
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where 

M ~ RJ2\'^N, 

and N = L'2\K{L2). Let us now show by a pointwise computation that M ~ 0. Indeed, let a := 
(a, (Ti, Ti, CJ2, T2) G X2) be a point. Let us consider H*{Ma) = J^"^a; Z). 

If o"! — Ti 7^ CJ2 — T2, then Jg^-'^a = 0. If cti — ti = cj2 — T2 = /i, then J2^o. gets identified with the set 
of ah G M satisfying: either ai < |ri — v\ or 02 < \t2 — v\. Let us denote this set by Ya C M. It 
follows that Ya consists of all points v satisfying: h + v<QoTh-\-v'> 2a, where a is the maximum 
of o"! and cj2. In other words, Ya is a disjoint union of two closed rays so that H'(Ya,1') = 0. This 
shows that M ~ 0. 



The map (153) is therefore a quasiisomorphism. In view of (151), the first vanishing will be shown 
once we prove that 

Rtt^ {{RJ2\^l'. ) ® (^^ ~ 0. (154) 



But RJ2\'^L'^ = Z^i [—1], and hence the l.h.s. equals (Pi) "'^-RPl|G[— 1] which is zero by (133). 

The second vanishing is shown analogously. 

Proof of the third vanishing Define the following subset 

L C X M X ((0,00) X M) X ((0,00) X M)) : 

L = {{a,v,si,ti,S2,t2)\{a,v,si,ti), (a, v, S2, ^2) G V}] 

Similar to the proof of the 1-st vanishing, one shows that 

Rllc[^Rqiiq2Rq2\i^G[-?,\ ~ R-k^, {{RJ2\Ll) (7r^)"^G), 

where 

J2 : /c> X M X ((0, 00) X M) X ((0, 00) x M)) X2 

and 

vrf , vrf : X M X ((0, 00) x M) x ((0, 00) x M)) ^ x (0, 00) x M 
are the same as in the proof of the 1-st vanishing. 
Observe that 

J2{L) = {(a, (Si,ti), (S2,t2))| \ti - t2\ < Si+ S2]. 

the projecion L — )• J2{L) is a smooth fibration whose fibers are diffeomorphic to M^; we now see that 

i?J2!ZL~Zj,(i)[-l] GD(X2). 

We therefore need to show that 

i?^lT(Zj,(i)^(7rf)-iG)~0 
The complement to J2{L) in X2 consists of two components 

X2\J2{L)= M+VAM., 

where 

M+ = {{(X,(si,ti),(s2,t2))| ti-t2> S1+S2] 
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and 

M_ = {{(X,(si,ti),(s2,t2))| ti-t2< -S1-S2} 

We thus have a distinguished triangle 
which comes from a short exact sequence 

^ Zj^(i) ^ Zx, ^ Zm+ e ZAf_ ^ 0. 

The second term of this triangle is quasi-isomorphic to 

where vr : x (0, 00) x M — )• is the projection. It follows that Rtt\G ~ because vr passes through 



Pi (as well as Pi) from ([133]). 
We thus need to show that R-k^^ {Zm± ^ [ir^y^G) ~ 0. 
Introduce the following subsets N± C x ((0, 00) x M) x M: 



and 



N+ = {ia, isi,ti),y)\ ti >si+y] 



N_={{a, ti < -si-y}. 



Let qi : X ((0, 00) x M) x R (0, 00) x M and q2 ■ lo x ((0, 00) x R) x R ^ M be projections. We 
then have 

Rtt^ (Zm± «> (vrf )"^G) ~ i?gi!(Zjv± q2^RP±iG) ~ 



because i?P|,G = by (133) 



This completes the proof of the 3rd vanishing as well as the proof of Claim 5.14 



5.11 Finishing proof of Claim 5.13 



Let /a X 



X ^>0 



X R, the target of the map Ii from (136), have coordinates {a,v,rf). 



Let G, I be as in Claim 5.14 and let H' be a sheaf on x R>o x R microsupported on the set 

IJ (a,i;,r/,R.d(t;±7?) +R.(ia). (155) 



and 



We then have 



RHom{G,H') ~ RHom{RIiH, H') ~ RHom{H,I- H'^ 



By [KSl Prop.5.4.5(i)], it follows from (155) that 



S.S.{i!h') C {{a,u,(,i,S,2,bda + ujdu + TidS,i + T2d(,2 : n = or r2 = 0}. 



(156) 
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Set A' = H, B' = TH'. 



Let also qi,q2 ■ y^^x (0, oo) x (0, oo) — x M x (0, oo) be projections as in ( 137): qi{a, u, ^i, ^2) 



We then have RquA' = 0, i = 1, 2, by Claim 5.14,1), and we have the estimate (156) for B' . 

Let us identify diffeomorphically M — )• (0, 00). Under this identification, we have two sheaves A,B on 
y X R X R, where Y = xR, such that 

1) Rpi\A = Rp2\A ~ 0, where pi,p2:^xl^xl^— are projections; 

2) B is microsupported on the set of points (y, ui, U2,u) + vidui + V2du2), where lo £ T*Y ui,U2 G R; 
= or t;2 = (or both). 



By Theorem 4.1 , RHom{A, B) = 0, which finishes the proof of Claim 5.13 as well as Proposition 5.1 



6 Proof of Theorem 3.5 



In section 



3.6 



-3.13 



we have constructed objects <I>^, , as well as maps i^K : Zx(,x_ft:[— 2] 



--xoxr, 



J-2] ^>'"", and 



z. 



'xoXr_ 



-2] 



In order to finish the proof of 



Theorem 3.5, it now remains to prove: 

1) Each of the objects , belongs to C, to be done in Sec 6.1 

2) Cones of the maps i^K, i^^a , i^^^a are in -^C, to be done in Sec 



6.2 



We only consider the case of <I>^ (and the map i$x), because the arguments for the remaning cases 
are very similar. 



Proof of 2) is based on the orthogonality criterion of the previous section (Proposition 5.1). 



6.1 Proof of $^ G C. 

Consider open subsets C X, where T,£ is the union of two neighboring open strips IntPi, IntP2 and 
their common boundary ray £. It is clear that form an open covering of X. 

Let us consider the restriction estimate $^|sfxc- It suffices to show that 

s.s.(«>^|e,xc) ci7xnr*(s, xC) 

for each element of the open covering. Let us fix the notation: let = IntPi U IntP2 U £] let 
P/ := IntPj U ^, i = 1, 2, be the closure of Pi in T,£. Set for brevity 

P:=^'^|e,xC. 
Finally, we introduce the following sheaf on T,i x C: 

Let us now suppose for definiteness that i goes to the left. As follows from the construction of in 



Sec 3.8.4[3.8.5 we have identifications {i = 1, 2): 
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Figure 6: A regular sequence - Notation 



6.1 



as well as a gluing map ( |44[ ): 

K'^""' ■■ (Af^ * s+ e A^; * S-)U^c ^ (A^+ * s+ e Af- * 5_)|,xc 

When restricted onto A^^^ * S'+l^xC) this map becomes the identity. This readily implies that we have 
an embedding 

whose restriction onto each P- is just the identical embedding onto the direct summand. We can 
construct a surjection F — )• A^~ * S- in a similar way. All together, we get a short exact sequence 

^ Af + *S+^F^ Af - *S-^0, 

The marginal terms of this sequence do clearly have their singular support inside i^x H T*(T,£ x C), 
cf.([7]), hence so does the middle term F. This finishes the proof. 



6.2 Proof of orthogonality 

In this subsection, we prove that the cone of the map i^K is in -^C. We will exhibit an increasing 
exhaustive filtration F of $^ such that the map z$ factors through F^^^ . Our statement then 
reduces to showing that Cone{Fo — )■ F^^^), as well as all successive quotients of F*+i$^/F*^>^, 
z > 0, belong to ^C. 



6.2.1 Regular sequences 



Notation 6.1 Let A„A„_i • • • Ai be a nonempty sequence of bounday a-rays. 

Call this sequence regular if for each k > 1 the rays A^ and Xk+i ^-re different and belong to the closure 
of a (unique) a-strip P^, figj6} We also assume that Pq is the initial strip (i.e. xq G Pq- 

Note that, in general, a ray can occur in a regular sequence several times. 



6.2.2 Admissible rays 



We will freely use the notation from Sec. 3.8, such as W, A^^. 

Let w G be of the form Im^m-i ■ ■ ■ ^i{L or R} and let ^ G be a boundary a-ray. We call I A, w- 
admissible, if there exists a k such that I = \k and and Imf-m-i • • • is a subsequence of A^Afc-i • • • Ai 
(i.e. there is an increasing sequence ki < ... < Km such that £i = A^j, im = -^Km)- 
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Remark 6.2 Let w = Imlm-i ■ ■ ■ {L or R). If Im = i, then this condition is equivalent to £mim-i ■ ■ • h 
being a subsequence of A; it / ^, then the condition is equivalent to Mm^m-i • • • being a subse- 
quence of A. 

6.2.3 Subset Pa,«, 

Let P be an a-strip. We define an open subset C P as follows. 

1) if every boundary ray of P is not A, if- admissible, then we set Px,w ■= O- 

2) otherwise (there are A, i(;-admissible boundary rays of P) we define Px^^ as the union of IntP with 
all A, w-admissible boundary rays of P. 

6.2.4 Subsheaves Ap^^^ 

Let j := j^^ : Px,to x C — P x C be the open embedding. 
As in Sec 



2.11 



let Ap^ — Z{(2,s): zeP, s±zeK}- 



Accordingly, we can define subsheaves 

^pX^ :=j!rAf±cAf±GD(PxC). 

Observe that Ap^^ = if P has no A, admissible boundary rays. 

6.2.5 Subsheaves $p'^ C $f 
We have an identification 



For each regular sequence A (where A stands for AnAn-i . . . Ai), let us construct a sub-sheaf c 
as follows. Set 

^p':= © ^-*Agx,.e S^*AfX^ (157) 



We have an obvious embedding 



6.2.6 Sheaves $p''*' match on the intersections 

Let P and P' be two intersecting a-strips; let i = P n P'. We then have two sub-sheaves of <^^, 
namely ^p'^l^xc and ^pl^\exc- Let us check that these two subsheaves do in fact coincide: 

Claim 6.3 

*P kxc — kxc 



71 



Proof Let w G W". Consider the following sheaf: Ap^ := ^p^^lexc- By definition, Ap^ = unless 
i is A, w-admissible, in which case Ap^ = A^^\£. 

Let W(£, A) C W" be the subset consisting of all w, where i is A, admissible. Let W(^, A) = 
W{£, A)ieft U S{£, A)right, where W(^, A)ieft = W(£, A) n W-^,; W(£, A)right = W(£, A) n W^,^^^. 

It now follows that ^p'^\exc, as a subsheaf of ^>p l^xc = 0t„6Wi"^f^ * ^f^ ® ©wew;:'; '^^ * ^f~' 
coincides with the following its direct summand: 

^p'^|^xC = ^(^,A) := S^*Af+e S^*Af-. 

«)eW(£,A)ieft u.eW(£,A)Hght 



Analogously, we have an equality 
of subsheaves of 



5^*Af+e s^*Af- = ^.^,| 



rignt 



3.8.5 



It now suffices to check that the sub-sheaf ^{l, A) is preserved by the gluing map F^^' from Sec 
By definition of , it suffices to check: let w £ W(-£, A) and suppose Iw G W" (meaning that the 
leftmost ray of the word w goes in the opposite direction to I); then iw G W(£, A). Indeed, w G W(^, A), 
iw G is equivalent to Iw being a sub-sequence of A, which is the same as Iw G W(£, A). □ 

This Claim implies that there is a unique sub-sheaf c such that $p''^ = $^'^|pxc fof oil 
a-strips P. 



6.2.7 Definition of a filtration on 

Notation 6.4 Choose and fix an infinite regular sequence 

...A„A„_i...A2Ai (158) 

such that 

— every ray occurs in this sequence infinitely many times; 
— the ray Ai is adjacent to the a-strip Pq containing xq. 
Denote by A^") the subsequence A„A„_i . . . A2A1. 

Set := Let us check 

Claim 6.5 We have C 

Proof. It suffices to check that F"^>^^|pxc C F^+^^-^lpxC for every strip P (as sub-sheaves of 
$p). It suffices to check that P{X^"'\w) C P{A^'^^^\w) for all w, which follows from: if a ray i is 
A*^"\ w-admissible, then £ is A^""*"^-', w-admissible. This follows from the definition of A, ^-admissibility. 
□ 
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Claim 6.6 Subsheaves F^^ form an exhaustive filtration of ^ . 

Proof. It suffices to check that |J F'^^^\pxc = • This is imphed by: for every w G W° and every 
boundary ray i of P, there exists an n > such that i G Pxi") equivalently: i is A , tu- admissible. 
Let us prove this statement. By the construction of A, every finite sequence of rays, is a subsequence 
of A^") for n large enough (because every ray occurs in the sequence {Xi}'^i infinitely many times). 
Let w = £m ■ ■ ■ hiL or R) , then the sequence iim ■ ■ ■ ii (if ^ 7^ im) or ijn ■■■ £1 is & subsequence of A^") 
for some n, meaning that £ is A, w-admisssible. □ 

6.2.8 Computing F^^^ 

In this subsection, denotes the strip adjacent to Ai and different from Pq. We assume that Ai goes 
to the right and that Pq is above (all other cases are treated in a similar way). 

Let us give an explicit description of P^$^. First of all, a ray £ is A^^-* , ti;-admissible iff ^ = Ai and w 
is one of the following L, R, AiL. Therefore, Px(i) w 7^ ^ ^ contains Ai, that is P = Pq or P = P*, 
and w is one of L, P, AiL. In each of this cases P;^(i) ^ = IntP U Ai. 

Thus, pi$^' is supported on S := IntPo n Ai n IntP*. Let Pq = IntPo U Ai; P^ = IntP* U Ai. We have 

^'^'^Ip^c = ^0 e -Bo, 

where A, = Sr* ; ^0 = ^i? * A^r ; P* = * Af + © 5a,l * Af," ■B^ = Sl* A^+ © Sx^l * A^," 
The gluing map L^*^ * maps ^oUixC into ^*|aixC and PqUixC into P*|aixC) therefore, the sheaves 
and get glued into a sheaf A onT,, and P* and Pq into a sheaf B so that P^$^ = A(BB. One 
also sees that A = Sr* . Let j : IntPo — > S be the open embedding. 

6.2.9 The map factorizes through F^^^ 

Keeping the assumptions of the previous subsection, let us now construct the factorization of the map 
i-q, : ^xoxk[—^] — > through P^$^. The cases when Ai goes to the left of P* is above Pq are treated 
in a similar way. 

Let j : IntPo x C — )■ X x C be the open embedding. By definition, i-q, factors as 

Zxoxir[-2] ^ MSl * A^j;+p,^ © Sr * Ajf -pj ^ (159) 
where the first arrow is induced by the following maps in D (IntPo x C): 

i-L ■■ ZxoxJs:[-2] Z{(z,s)|zeintPo,s+zexo+x} = Sl* A^+,^; 

■ Zxoxi^[-2] ,,)|^gi„tpp_5_2g_xo+ft:} = Sr* ^intp^, 

which are induced by the closed codimension 2 embeddings of the corresponding sets. 
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The right arrow in (159) factors through F^^^ as follows. Let as decompose j = jijo, where jo : 
IntPo X C — 7- S X C and ji : S x C — t- X x C are the open embeddings. We have natural maps 
iA ■■ jo\iSL * ^iJp^) A; is : jo\{SR * A^^"p^ B. Whence a map 



The right arrow in (159) is then obtained by applying jii to za® is- For future references, let us 
consider Cone(Zxox_R'[— 2] — F^^^), which is supported on S x C. We now see that 

Cone(Zx„xi^[-2] ^ f1$^)|exC 

is isomorphic to the Cone of the following composition map in D(S x C): 

Zxoxi^ [-2] ^ joiiSL * AfJ-p^ e Sr * Aj^-pJ ^AeB, (160) 

where the right arrow is lA® is, and the left arrow is induced by ii® i-R- 

6.2.10 Computing successive quotients of the filtration 

Let us compute the quotients := F^<^^ / F"^'^^^ , n > 2. Our computation will result in decom- 



positions (163), (164) 



For that purpose, we choose an a strip P and compute the restriction Qp := F^(^^ /F^ ^^^\p. 
Set 

P{n,w) := PA^,w\PAn-i^^ C P. 
P{n, w) is a locally closed subset of P so that we can define the following sheaves on P x C: 



We have an identification 



to) ' 



Let us now describe the sets w). Below, for a G W", we set trim(it;) to be the word w with its 
rigthmost letter (L or R) removed. 

Siej) 1 Consider all the situations when IntP C P{n^ w) 

This occurs iff IntP is part of Pxin) ^ but not P^(„_i) ^. This is equivalent to the following: 
Condition I: n is the minimal number satisfying: 

(1) A„ is a boundary ray of P; 

(2) trim(t(;) is a subsequence of A*^"). 

Let us reformulate these conditions. Introduce the following notation. For a word w set M{w) to be 
the minimal number such that trim(w) is a subsequence of A*^^^"'^). For a word w ^ {R}-, {L}-, we 
also write w = Iw' , where / is the leftmost ray of w. 

Let us split our consideration into two cases: 
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A) I = Xn, (meaning that trim(?i;) is non-empty); 

B) trim(w) is empty or / / A^. 

Case A). The combination Condition I+Case A) is equivalent to the following combination: 

A) (i.e. / = A„), and 
Al) M{w) = n, and 

A2) Xn is a boundary ray of P. 

It follows that given a boundary ray r of P different from A„, such an r is not X^"\w- admissible: the 
admissibility would mean that the word rw is a subsequence of A^"^ (see remark 6.2)); since r 7^ Xn, 
rw is also a subsequence of A''"""'^^ which implies M(w) < n, contradiction. 

Thus, in this case we have P{n, w) = IntP U A^i. 

Case B) 

Let us give an equivalent reformulation of the combination. 

Lemma 6.7 Condition I and case B). It is equivalent to the following combination: 

B) and 

Bl ) Xn is a boundary strip of P, and 
B2) M{Xnw) = n, and 

B3) If tnm{w) is non-empty, then I is not a boundary ray of P, and, finally, 
B4) M{rw) > n for any boundary ray r of P. 

Proof. Let us first derive Bl)-B4) from Condition I and B): 
Bl) is just the condition (1); 

B2): (2) and B) imply M{Xnw) < n. If M{Xnw) < n, then n is not the minimal number satisfying 
(1) and (2); 

Violation of B3) implies that n — 1 satisfies (1) and (2) — contradiction. 

Violaton of B4) implies that M{rw) < n; since the number M{rw) satisfies (1) and (2), we have a 
contradiction. 

Let us now derive Condition I from B) and Bl)-B4). 

B1,B2 imply that n satisfies (1) and (2). Suppose n is not minimal, i.e there exists p < n such that 
Xp is a boundary ray of P and M{w) < p. B3 implies that Xp is different from the leftmost ray of w. 
Therefore, M{Xpw) < p, which is prohibited by B4. □ 

Let us now introduce a one more condition B5. 

Let Pn~i be (a unique) a-strip which is adjacent to both A^ and A^-i. Let be the other a-strip 
adjacent to A^. 

The condition B5 is as follows: 

B5)P = n. 

Let us prove that 
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Lemma 6.8 Combination Condition 1+ B is equivalent to the combination B, B2, B5. 

Proof. Let us first prove that B,B1-B4 imply B5. Since is a boundary ray of P, the only 
alternative to B5 is P = Pn-i- Then A^-i is a boundary ray of P and M{Xn-iw) < n — 1 which 
contradicts to B4. 

Let us prove that B, B2, B5 imply Bl, B3, BA. 

Bl: By B5 P=k = -P, and A„ is a boundary ray of P*; 

B3,B4: B2 implies that for all p G [M{w);n — 1], Ap ^ A„. This implies that P^ is not adjacent to 
any of Xp with p G [M{w);n — 1] Indeed, suppose P, is adjacent to such a Ap. Consider the graph F 
whose vertices are strips and and whose edges are rays. We have two non-intersecting paths between 
Pn-i and P*: one of them is An, we also have a path between Pn-i and P* in the connected graph 
composed of the edges Xn-iXn-2, ■ ■ ■ , Ap, which contradicts to F being a tree. 

The just proven statement implies B3 and 

B4') M{rw) > n for every boundary ray of P = P* which differs from A*^"^. 
Finally, B2) and B4') imply B4), which finishes the proof. □ 

Finally, we conclude from B4', that in the situation Condition l+B we have: 

P{n,w) = IntPU A„. 



Step 2 Let us now examine the case (call it case C) when P(n, w) is a non-empty union of boundary 
rays of P. Since P;^(n-i) ^ C Px(^) w' ^^^^ equivalent to P_^{„-i) ^ being a proper (in particular, 
non-empty) subset of Px(n) w As follows from definitions, this is equivalent to: 

i') there is a A*-"~"'^\ ti;-admissible ray of P; 

ii') There exists a boundary ray r of P such that r is A''"^ w-admissible, but not A^*^"^-*, tf-admissible. 



By Remark 6.2, the condition i') is equivalent to: 

i") there exists a boundary ray r of P such that either r is the leftmost ray of w and M{w) < n — 1, 
or r is not the leftmost ray of w and M(rw) < n — 1. 

In any case, i') implies that M(w) < n — 1. 



Also by Remark 6.2, the condition ii') is equivalent to the following one 
ii" ) There exists a boundary ray r of P such that either 

a) r is not the leftmost ray of w and M{rw) = n; 
or 

b) r is the leftmost ray of w and M{w) = n. 

The case b) contradicts to i'), which implies M{w) < n — 1. 

The condition a) implies r = Xn and hence An is one and the only ray in Px(n) ^. 

We thus can reformulate: 
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The case C occurs iff 
i') holds and 

ii-a) A„ is a boundary ray of P; 
ii-/3)A„ is not the leftmost ray of w; 
ii-7) M{Xnw) = n. 
In the case C we have P{n, w) = A". 
From ii-7 we conclude that 

Ap / Xn for all p G [M{w)] n - 1]. (161) 

The condition i' is equivalent to 

3p G [M(?i;), n — 1] : Ap is adjacent to (162) 

Let us show that P = Pn-i- 

Indeed, by ii-a, the only alternative is P = P*. In this case, analogously to the proof of B5=^B4, the 



property ( 161 ) implies that is not adjacent to any of Ap with p G [M{w); n — 1], and that contradicts 



(162). 



Thus, we have the following condition which is equivalent to i' and ii' (the proof of the converse is 
trivial): 

CI) P = Pn-i; A„ is not the leftmost ray of w and M{Xnw) = n. 
In this case P(n, w) = Xn- 

Let us summarize our findings. Introduce the following notation. Let W^j^^^ be the set of all words 
w in Wj"f^ such that the leftmost ray of w is not A^ and M{Xnw) = n. Let W^j,jgjj^ be the similar 
thing. 

We then have the following three cases when the set P{n, w) is non-empty: 

— Conditions A,A1,A2 is satisfied. Equivalently, the following conditions are the case: 
al) P = P„„i or P = P*; 

a2) w = XnU, where u G W,'^!^^^ if A„ G bright, and u G W^^^.^j^^ if An G Aeft- 
In this situation P(n, w) = IntP U A„. 

— B,B2,B5 are satisfied. Equivalently: P = P* ; if G ^^Mt ^'n- ^ bright) and w G W^j.jgj^^. if 
An G Aeft- Then P(n, w) = IntP* U An- 

— CI is satisfied. Equivalently: 

bl) P = Pn_i; 

b2) w G W^ igf^ if An G £right, and w G W"j.igj^^ if An G £ieft. 
In this situation, we have P{n,w) = Xn- 



77 



6.2.11 Description of Qn 

In particular, we see that the sheaf Qn = is supported on the union IntP„_inA„nlntP* 

Let Pi := IntP* U A„. We will now describe the restriction of Qn onto P^. 
Suppose that A„ G >Cieft. We then have 



Qn\pixc= (5^ * A^- e 5a„^ * A^+) e S^*Af^+. 
For w G W^ j.igjj^, we denote 

B^* := Syj * Ap, © Sx w * Ap,"*"; 

for u; G W^ j^f^, we set 

* 

so that we can rewrite 

~ ^w* ® ^u)*- 

n, right n,left 

In the case An G -Crightj change all signs and all orientations: we have 

right 

where for w G W^^^f^, we denote 

^w* '■— * Ap,"*" Sx w * Ap, ; 

for u; G W^ ^jg^t, we set 

API — Q * \K- 



(2) Let Pn-i be the union of the interior of Pn-i and A„. 
We then have in the case A^ G >Cieft: 



where for w G W" ^.jgj^^. we set 



for w G i^f^ we set 



,left 



" n— 1 



• — * A> 
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If An S /bright 5 then one has to change ah the directions and aU the signs: 



n.left 



n,rigrLt 



where for w G y^^^ we set 



for w G W° ^ight we set 



B,, 



A ""^ — 'i * A-'^ 



P' ' 



Analyzing the gluing maps, we see that 



p' 

1 n-l I 



■^w* I A„ X C — -^w I A,i X { 



as sub-sheaves of ^n|A„xC and similarly for Bw Therefore, we have well defined sub-sheaves Aw,Bi, 
of Qn'. Ay] is defined by the conditions: 



A 



wlPixi 



A 



Pi- 



p' 

A \ A n-1 



and similarly for B^,. 

Let us stress that -B^|intP„_iUA„uintP„ is not isomorphic to the direct sum of S^, * iUA„uintP« 



and S\^w * ^IntPn^iUAnUlntP, 

We have in the case A„ G /^left^ 



if An G >Cieft, then we have: 



Gn — ^ui © Ayj] 



10 ew 



n, right 



(163) 



n,lcft n, right 



(164) 



6.2.12 Reduction of the orthogonality property 



As was explained in Sec 6.2.9, the map map i^K factors as 'Ij^z=xo,s&k}[~'^] ~^ F^^^ — )• . 



It therefore suffices to prove that Ayj,Byj belong to -^C^, where S = IntPn-iUAnUlntP* and that and 
Cone(Z{2=xo,seA'}[-2] F^<I>^) G ^C^ . As was explained in Sec 6.2.8, the sheaf F^<^^ is supported 
on S' := IntPo H Ai Pi so that it suffices to show that 

Cone(Z|,=,„,,g;,}[-2] ^ F^^^)^^^ G ^C^' 
We do it in the rest of the section. 
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This ray y*' 
is not 
a part of I 



6.2.13 Conventions 



Figure 7 



Suppose that the ray An is directed to the right so that An = c(An) +M>o-e*°; the case of the opposite 
direction is similar. 

Assume the situation is as on figure [7| namely, we assume that Pn-i is above A„ and P=k is below An- 
The argument for the opposite situation is similar. 

Define 

U ■= {c(An) + xe^" + ye"*" G S : x, y e M and x > 0}; 
V := {c(A„) + xe^° + ye"^" G S : x, y G M and a; < 0}. 

6.2.14 Orthogonality of 

Because of the assumptions above, we have w G W"jgj^^ and 



-^W Syij * Ap, , 



where 

We have a short exact sequence: 



Ap, —1'{{z,s):z&Pi,;s-z&K}- 



0^5^* A^-p, ^ ^ 5^ * A^-p, ^ 0, (165) 



where k^^ := I^{s,z)\z(^U;s±z&K} and similarly for A 



K± 

vnPi- 



(Note that in the case An G >Cieft we need to consider a sequence analogous to ( 165 ) with A^ instead 
of A^+.) 

The problem is thus reduced to proving that 

5^*A^'-p,, S^*A^-p, G ^C^. (166) 
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Now let us use the following consideration: if j : U x C — )• S x C is an open inclusion and if i*" S -^C^ , 
then j\F S -^C^ bacause RHom{j\F; G) = RHom{F; G\uxc)- In application to the situation at hand, 



this allows us to reduce ( 166 ) to proving 

Sn, * A^^p,\u £ ^C^ (167) 

and 

* Ay\p, e ^C""* (168) 



which we are going to do using Proposition 5.1 



Proof of ( |167[ ). Denote F := Sw*A^^p,\u- We have F = Zs, where S = {{z,s) : z £ UnPi,s-z G 
c{w) + K}. 

Next, U = {c(A„) + xe*'^ + ye~*"|x > 0;y G I}, where I is a generalized open interval containing 0, so 
that [/ is a generalized strip and we can apply Proposition |5.1[ 

We have U n Pi = {c(A„) + xe^" + ye-'°|x > 0; y > 0; y € /}. 

Let us now check that F satisfies all the assumptions of Prop. 5.1, which will show that F G -"-C^. 



Namely, we need to show: a) the map Zr^ * F — )• Z|o} * F = F, induced by the embedding G Fq,, is 
an isomorphism, 

b) RP+\F = 0; 

c) RP.iF = 0. 

Proof of a) is easy: the word w contains at least one letter, hence is a convolution of > 1 sheaves of 

the type Zj^g^^xji a e C. But the map /3 : *Z|^ga+/^'} ^ Zg *Z^g^a+K}i induced by the inclusion 
G is an isomorphism. 

Proof of b) It suffices to check that {RP^iF)t = for every point t £ C We have {R'Pj^\F)t = 
H'{P~^tnS;Z). Denote Wt := P+Hn5. The space Wt consists of ah points {z, s), where z e UdPi; 
s + z £ K; s — z = t. Since s = z + t, we can exclude s: the space Wt gets identified with a 
closed subset C U consisting of all points z £ U Ci P^ such that 2z + t £ c{w) + K. Let us write 
c{w) — t — 2c{Xn) = 2(xoe'° + yoe~*")- We then see that Wl consists of ah points c(A„) + xe*° + ye~*", 
where x > 0;y > 0;y £ F,x > xo;y > yo- It is now easy to see that for all xo,yoi we have 
H'{Wt,Z) = 0. 

Proof of c) Similar to above, we need to show that H'{Vt;Z) = 0, where Vt = Pl^t n S, for all 
t £ C. If t ^ c{w) + K, Vt = 0. Otherwise, Vt gets identified with U D P^ i.e. the set of aU points 
(x, y) : X > 0; y > 0; y G /. The statement now follows. 



Proof of ( |168[ ). Set Gi := * ^vnP'- ^^"^^ 

VnP: = {c{Xn) + xe*" + ye-^"|x < 0; y G /; y > 0}. 
In particular, V H P^ C LitP*. Similar to above, it suffices to show that G := Gi|intp, xc £ C^°*^*. 



Since IntP^, is a generalized strip, we can apply Proposition 5.1 Let us check the assumptions of this 
Proposition. 

We have G = Zt, where T C IntP* x C consists of all points {z, s), where z = (A„) + xe*" + ye~*"; 
X < 0; y < 0; y £ P, s - z £ c{w) + K. 
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Figure 8: Proof of (167), part b). 



a) We see that the natural map TL-^^ *G^'IjQ*G = Gis clearly an isomorphism. 

h)RP+\G\t = for aU t. This is equivalent to H'{Wl, %) = 0, where W[ = P^^tnT. Similar to above, 
the set Wl gets identified with the set of all (x, y), where x < 0; y < 0; y G /; x > xq; y > yo for some 
numbers XQ,yo, the statement follows. 

c) We need to chech that H'{V^, Z) = 0, where F/ = Pl'^tOT. We see that = for aU t ^ c{w) + K. 
Otherwise, gets identified with T. 

6.2.15 Orthogonality of 

Let U, V be the same subsets of S as above. We see that T,\U = V = Vi U V2, where Vi C IntP,,,, 
V2 C IntP„_i. 

For any locally closed subset C C S we set Bq '■= B^ O Z^xCs ^ D(E x C^). We then have a 
distinguished triangle 

i> By^ © By^ — )• Byj — )• Bjj i> . 



Similarly to section 6.2.14, it suffices to prove that 

B'u := Buluxc e ^C^; (169) 
By^\o G^C^'^t^*, (170) 



It is clear that U, Vi,and V2 are generalized strips so that we can apply Prop. 5.1 



Proof of {16^ Let Pi := ?7 n P„_i; P2 := t/ n P* so that Pi,P2 C U are closed subsets and 

PinP2 = A„. 
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As above, we have 

U = {c{Xn) + xe''^ + ye-*"|x > 0; y E I}, 
where I C M is a generahzed open interval containing 0. The subset Pi is given by y > 0, and P2 by 

y <o. 

We have identifications 

Bi := 5[/|PixC = * Af + e Sx^w * A^f ; 

B2 ■■= -Bf/IPaxC = Sw* © S\^w * ^-p^ ■ 

Whence induced identifications 



B 



l|A„xC 



5^*Af+©5A„^*Af^ 



An 



i?2|A„xc = 5«,*Af+e5A„^*Af- 



The gluing map 



P —^P 

is induced by T^"^" * and equals 

r = Id + n G End(5^ * AJ+ © 5a„^ * Af^"), 
where the only non-zero component of n is 

n+- : * Af + ^ Su, * Sx„ * Af - = Sx^^Af' 



(172) 
(173) 



is defined by means of the map from ( 47 ) . 

Let ik : Pk ^ U, k = 1,2 and io : — )■ C/ be closed embeddings. Denote b y li : ii\Bi 
io\iSu) * © Sx„w * ^Xr^) the natural isomorphism coming from the identification (172). Similarly, 
we have a map i2 ■ i2\Bi — )• iqi {Sw * A^'^ © Sx„w * ^x~)' coming from ( 173 ). We can rewrite the above 
consideration in terms of the following short exact sequence of sheaves of abelian groups 



O^B'u^ iv.Bi © ^21^2 ^ io\{Su, * Af+ © Sx^w * Af") ^ 



(174) 



Where the left arrow is induced by the direct sum of the obvious restriction maps and the right arrow 
is — r^i © i2- Let us denote the components of this map 

-Id : ioiSw * Af + iqiSw * Af +; 



-u : ioiSi, * Af^+ ioiSx„w * Af^"; 
-n : ii\Sx„w * Ap^" io\Sx„w * Af^"; 

r+ : ^2!^^; * A^+ ^ ioiS^, * Af +; 
r2 ■■ i2\Sxnw * A^" io\Sx,,w * Af 



Consider the complex B" composed of the 2 last terms of the sequence (174), which is quasi-isomorphic 
to B'jj. This complex has a filtration by the following subcomplexes: 
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F^B" is as follows: 
F'^B" is as follows: 



ioiS^ * Af + e i2iSn, * A^+ ^ ioi{S^ * Af + © 5a„^ * Af") ^ 

We finally set F^B" = B". The associated graded quotients are as follows: F'^/F^ equals Coner^[— 1], 
which is quasi-isomorphic to Sy^ * ^]^^p^ ■ 

F^/F'^ equals 

We will need a one more exact sequence. We have subsheaves (direct summands) 

Sx„^. * Ap; cBi; Sx„^* A^- c B2 . 

Since the map T induces identity on Sx„w*A^ , the two subsheaves glue into a subsheaf Sx„w*A^~ C 
B'^. It is clear that we have a short exact sequence: 

^ 5a„^ * A^- ^B'jj^ i2iS^ * Af + ^ 0. (175) 



Let us now check the conditions of Prop 5.1 The isomorphicity of the map * B'u — )• B'jj can be 
checked directly. 



Let us now show that RP^iB'u = 0. Because of the exact sequence (175), it suffices to prove that 
RP+iS^ * Af + = and RP+iSx„nj * A^" = 0. This can be checked pointwise in a way similar to the 
previous subsection. 

Let us now check that RP-\B'jj = 0. It suffices to show that RP-i, when applied to all associated 
graded quotients of the filtration F on B" , produces zero. The latter can be done pointwise in a way 
similar to the previous sections. 



Proof of (170), (171) is very similar to the previous subsection. 



6.2.16 Orthogonality of Cone(Z^=xo,seit [-2] ^ F^^^) 
The aim of this subsection is to prove that 

Cone(Z,=x,,,ei^[-2] ^ F^^^) G ^C^' . (176) 



We will freely use the notation and the results from Sec 6.2.8|6.2T9 As was mentioned above, 
Cone(Z^=xo,sei^[-2] ^ F^^^) is supported on S x C, where S = IntPo U Ai U IntP*. The re- 
striction Cone(Z2=xo,se-ft:[~2] — )• F^^^)\j^xC is isomorphic to the Cone of the composition arrow in 
( 160 ). Denote the cone of the left arrow in (TeoJ) by Ti and the cone of the right arrow by A. Observe 



that Ti = joiT, where T = Cone(tL © in)', T G D{lntPo x C). The problem now reduces to showing 
that r G ^C^'^^Po and A G ^C^. 

Denote Al '■= CokeriA', Bpt := Cokeri^. Observe that Al is of the form Ayi; with w = L, and Bji is of 



the form B^ with w = R, where A^, B^ are as defined in Sec 6.2.11 It is also clear that A = Al®B[i. 
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Figure 9: Proof of (176), Step b-i 



As follows from the previous two subsections, A£^,Bji G ■^C'^, hence, same is true for A. Let us now 
show that r G ^C^^^^Po ^ 



By Prop 5.1, it suffices to check statements a),b),c) below: 

a) r * Zj^ggiQjg^^i — )■ r is an isomorphism: it suffices to check that a similar map applied to each of 
^xoxA"!— 2], Sl* ^litpo^ * ^LntPo isomorphism, which is straightforward. 

b) RP+iT = 0. It is enough to check RP^\Qk = 0, /c = 1, 2, where 



Sr*A- 



Z 



Po 



{{z,s):z&Po,s-ze-xo+K}^ 



Q2 = Cone(Zx(,x_ft'[— 2] Sl* and where 

Po 



5l*A1 



Po 



{{z,s):zePo,s+zeyio+K}' 



b-i) RPj^\Qi = 0. Indeed, by the base change, let us pass to the fiber of over t G C and calculate 

o 

RVci'^W'i) where Wi = {{z,s) G C : 2; G Pq, s — z ^ — xq + K z + s = t}. Eliminating s makes 

Wi = {z e C \ z e Pq, z e - K}. For different values of t this set is sketched on fig. ^ 
Thus, Wi is either empty or homeomorphic to a closed half-plane, so the result follows. 

b-ii) RP+\G2 = 0. Indeed, by the base change, let us pass to the fiber of P+ over t £ C and calculate 
M\^(Z,4/^)[-2] RTc{'Lw2)^ where = G C : z = ^q, s & K z + s = t}, W2 = {(z,s) G C : 

o 

zGPo) s + z £ li-Q + K z + s = t} . Eliminating s makes 

if t - xo G K : W!^ = {xo} W2 = {z e C : z Pq} 
otherwise: VF^ = W2 = 

and the map RT c{'^w!^[~'A ~^ R^c{'^W2) is the obvious quasi-isomorphism. 
c) RP-\T = 0. This can be shown similarly to RPj^\T = 0. 
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7 Identification of and ^ 



K 



We are going to construct an identification as in ( 55 ) . Namely, we will construct a map 

: ^ 

such that 

i<j) = /^<i>i\ii, (177) 



where z$ : — )• is the map (53) and : — )• is the map (60). 

The goal of this section is to give an explicit desciption of Iqj^. This can be done as follows. Let P 
be a closed a-strip. Let 11 be a closed (— a)-strip such that P n H 7^ 0. We then have identifications 

''<i>p|(nnp)xc : * 5*+ © A~ * 5'_|(nnp)xc = (*^''^|pxc)|(nnp)xc = *^'^^l{nnP)xC 

^*n|(nnp)xc : A+ * 5+ © A" * 5'-|(nnP)xC = (^'^|nxc)|(nnp)xc = ^'^l(nnP)xC 

meaning that the restriction /<i'#|(nnP)xC can be rendered as an automorphism Jnp of 

A^+ * 5+ © * 5'_|(nnP)xC the abelian category of sheaves on (H n P) x C, so that we have: 

-f*$l(nnp)xc = '•<i>p|(nnP)xC<^np''^nl(nnP)xC- (178) 

We are now motivated for the next subsection. 



7.1 Endomorphisms of A^'+ * 5+ © A^'^'" * •S' |(pnn) 



xC 



We will do the study in a slightly more general context. Let y be a locally closed connected subset of 
C. For a c e C, set 

Af := {{x, s)\s±x e c + K} CY X C. 



Let be sets; set W :=W+UW-. Let 0,4/ : TV C be a function. Let w G W+. Set := A 
For w £ W- we set A,, := A~, Define the following sheaves on y x C: 



c(ui) ■ 



Sw ■= ^ ^A„- 

Let Ci : Wi ^ C; Wi = U VF-", i = 1,2; ciy. : Wi ^ C; and let us study a group 
HomYxc{Swi', S'w^a)- 
We have 

HomYxc{Swi]Sw2) ^ HomYxc{^A^^;Sw2) (179) 

Let us focus on HomyxcC^A^^] Sw2)- We have an embedding ^ n«)2eVF2 ^-4»2 '^l^ich induces 
an embedding 

L : Homy xc{^A^-^;Sw2) ^ Homy xci^A^-^; Jl ^A^J 
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= n i7omyxc(ZA.,;Z^»J. (180) 

Let us now compute 

We have a homeomorphism A^i,^ = YxK so that is connected and //"^(^^ji ^W2\^wi) is zero unless 
A^jV^u'i is empty, in which case it equals Z. In other words, we have an isomorphism £10^^,2 : Z — t- 
HomYxci'^A^^^'^A^^) if C A^^; otherwise, Homyxci'^A^^'i'^A^J = 0. Set e^^^j := e^^wii'^-)- 

Every element 

l/G n HomyxC J ; Za„2 ) 

can be uniquely written as 

where the sum is taken over all W2 such that C A^^ and ^'wj«,2 ^'^^ arbitrary integers. 



Claim 7.1 T/ie element v lies in the image of (180) iff for every compact subset L C A^^: 



there are only finitely many W2 such that Vw2Wi = and Aw2 n L / 0. (181) 

PROOF We will use the following notation. For every w G Wi or w G W2, let us denote by 1^, £ 
T{Y X C;Z/i^) the canonical section, such that for every y € Y x C, the stalk {lw)y generates the 
group (ZA^)y, which is equal to Z if y G and to zero otherwise. 

We have 

^(.-Luiij — / f^W2W-i^W2 

Gr(yxC; J] Za„2)- 

W2&W2 W2£W2 



Let us now suppose that u lies in the image of (180). This implies that the restriction i/(l^j)|j;, G 
r(L; Za^^)- Since L is compact, we have an isomorphism 

r(L;ZA„2)^r(L; Z^^J. 

W2£W2 W2GW2 

Given a section a £ r(L; Z^^^), denote by aw2 £ '^{I^'i'^A^^) the corresponding component of 

W2£W2 

a. We have: aw2 = for almost all W2 S W2- We have i^{lwi)w2 = nw2Wi'i-w2\L- The element on the 
RHS does not vanish iff n^^wi 7^ and L n Aw2 7^ 0, which implies the statement. 

Conversely, let us assume that for any L there only are finitely many W2 € W2 such that n^2«'i 7^ 
and L n A^.-^ 7^ 0. It suffices to show that 

KU)Gr(yxC; ZA.jcr(yxC; J] ^^^2)- 
W2&V2 W2&W2 

Let us choose an open covering of F x C by precompact sets Ua (i.e. the closure of each Ua in 
y X C must be compact). It suffices to show that i^(l«;i) G r(C/a; Z^^^) for each Ua- Then 

'!i'2£W^2 
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it suffices to show that zv(l^J G T{La; ^a^J- In fact, iy{lwi) G r(La; J] ^^^3)' '^here W2 

W2&W2 eWj 
consists of all satisfying n^2t«i 7^ 0) ^»«2 1^ 7^ 0, which is finite, whence the statement. □. 



As follows from the proof of the Claim, u belongs to the image of (180) iff the condition (181) is 
satisfied for a family of compact sets La whose interiors cover X x C 

Proposition 7.2 Elements from HomxxciSwi', SW2) 1-to-l correspondence with the sums 

Wi&Wl,W2&W2,Aw2'^Aw-l 

satisfying: 

there exists a family of compact subsets La G X x C such that the sets IntL^ cover X xC, and: given 
a wi G W\ and any La, there are only finitely many W2 G W2 such that n^j^^j / and La n Aw2 / 0- 

7.1.1 Filtration on HoniYxciSwi'i SW2) 

Let e e K. Let Te : Y x C ^ Y x C he the shift {x, s) ^ {x,s + e). We have Ts{Ac) C for every 
e G K, whence an induced map 

These maps give rise to a map 



7.2 



It is easy to see that T^iSwi = Sw{i where W[ = Wi and c^y^ = c^/i + e, so that Proposition 
applies to Ti;\Swi- 

We say that / G F'^ Homxxc{Swi] SW2) if / factors as / = gr^ for some g : T^\Swi ~^ Sw2- Using 
Proposition |7.2[ one can check that such a g is unique, if exists. 



We write f = f mod if / - f G F'Hom{Sw^ ,Sw2)- 
We also write f ^ f f = f mod for some e G Int-fC. 

Let us prove that the filtration F is complete in the following sense. Let /„ G Hom{Swi', SW2) be a 
sequence of homomorphisms. Let us call /„ a Cauchy sequence if: 

Ve G K 3iV(e) : Vn, m > N{e) : fn = fm mod F". 

We say that /„ converges to f if 

ye £ K 3N{e) : Vn > A^(e) : f = fn mod F". 
Claim 7.3 Every Cauchy sequence fn converges to a unique limit f . 

Proof. Let us first construct /. Decompose /„ = ^y^^w2<^w^fri)wiw2^wxw2- L^t y G X x C and 
let n,m > N{£). Since fn — fm passes through t^, we deduce that {fn^wiW2 — ifm)wiW2 7^ only if 
Aw2 C TeAwi- For every wi,W2 there exists £wiW2 such that this condition is violated, meaning that 

for n^m~^ X(^£^-^^2)i ifn)wiW2 — ifm)wiW2 — ■ fwiW2- 
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The data fwiW2 define a homomorphism / by virtue of Proposition 7.2 
that f — f = for all e which implies fwiW2 = fLiW2 'Wi,uj2, that is / 



If /' is another limit, it follows 



In particular, let 7 £ End(^iy), ^ = Id + n and assume that for some k > 0, n'^ £ F'^ for some 
e S Int-fC ,then 7 is invertible, and we can set 7"^ = Id — n + -n? — + ... (the sequence of partial 
sums of this series is Cauchy). 

We conclude with several Lemmas for the future use. 



7.1.2 Lemma on composition 

As above, let P be an a-strip and let 11 be a — o-strip. Let y = 11 n P and supose y is a bounded 
subset of C, so that the closure of y is a parallelogram; let us denote its vertices ABCD so that AC is 
one of the two diagonals and AC G K. It then follows that the closure of P H 11 equals A + K r\C — K . 
Denote e := AC. 

Lemma 7.4 Let W{ = W2 = 0. And let f : Swi — > Sw2 o.nd g : Sw2 — ^ Swi- Then gf = mod 
and fg = mod -F^^. 

Proof. 

Lst fwiW2^wiw2^ 9w2Wi(i'W2wi be components of f,g. 

Let us consider the compositions fwxw2^wxW29w'^wi^w'^wx order for this composition to be non-zero, 
there should be 

Aw2 C Aw-^ C Ayjl^ . 

Or, for every z G P Pi 11 and s G C we should have the following implications: 

s — z G Cw2{w2) + K ^ s + z £ cw^{wi) + K ^ s — z £ cw2{w'2) + K. 

Set : — s — z — • The first implication then reads as: 

(,£K^(; + 2z + Cw2{w2) - cwA^i) G K 

or, equivalently, 2 A + cvi/2(tf2) — ^Wiiwi) G K. Similarly, the second implication can be rewritten as 
— 2C + cy/i{wi) — cw2{w'2) £ K. Adding the two conditions yields — 2e + cy/2{w2) — CW2{'^2) ^ ^'1 
c\Y2 — C]Y2iw2) G 2e + K. This implies that 

fwiW2^WlW29w'2Wi^w'2Wi ■ '^^w'^ ~^ ^^^2 

passes through T2£ : , — )• T2£\Zji , , which implies the statement for fg. Proof for gf is similar. □. 

■"2 ' ^2 

Let us keep the assumption Wi = , W2 = W2 and consider now the case when X = 11 n P is not 
bounded. Then at least one of the following is true: 

i) there is no ^ G C such that X d A + K] 

ii) there is no C G C such that X d C — K . 
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Lemma 7.5 Let us keep the same notation as in the previous Lemma. In the case i) we have 
Hom{Swi', = 0- -^^ case ii) we have Hom(Sw2'i Swi) = 0. 

Proof. In Case i), given vui G Wi and W2 G W2, it is impossible that C A^i, And similarly for 
the Case ii). □ 



7.1.3 Lemma on extension 

We keep the same assumptions on Wi , W2 , namely, 

Wi = W^, W2 = W^. 

Let y be a locally closed non-empty connected subset of C. Let Y + K (resp. Y — K) be the 
arithmetic sum (resp. difference) of Y and K. Let I4., YL be connected locally closed subsets 
satisfying Y dYj^ dY + K;Y <ZY- <ZY — K . Let Z be an arbitrary connected locally closed subset 
C containing Y . 



Lemma 7.6 1) The restriction maps 

HomY+{S^+;Sy^- 



HomY{Sy^+;S^-); 



HomY_ (V- ; S^+) HomyiS^- ; 5^+ 



are isomorphisms; 

2) the restriction maps 



are isomorphisms. 



Homz{Sy^+;Sy^+ 



HomY{Sy^+; 



Hom.z{S^f- ; Sy^- ) Hom.Y{Sy^- ; 5, 



Proof. 1) Follows from Proposition 7.2 the inclusion C vl^i, Wi G Wi occurs on 1+ x C iff it 
occurs on y X C, and similar for the inclusion A^,^ C Ayj.^ on y_ x C. 



2) Follows from Proposition 7.2 in a similar way. 
□ 



7.1.4 Decomposition Lemma 

Let now Y := I := c+ (0, cxD).e*° be a ray which goes to the right. Let a G C. We have natural maps 



-2c+a 



'^2c+a 



Lemma 7.7 Let f : — )• Sw2J 9 '■ 
factored as f = /'A+; g = g'X'. 



; coming from the inclusions of the corresponding sets. 

Swi be a map of sheaves. Then f and g can he uniquely 



Proof. Let w G W2. A simple analysis shows that A'^ C Aw is equivalent to A_2^_^i^ D A^. 
Proposition 7.2 now implies the factorization of /. The factorization of g can be proven similarly. □ 
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Figure 10 



7.2 Restriction $^ |n 

As above, let 11 be a closed (— a)-strip. 

The goal of this subsection is to construct an isomorphism 

(/)n : (A^+ * S+ © A^^- * 5_)|nxc ^ ^''^Inxc- (182) 



Denote by 

the components. 



■ * 'S'ltlnxc — ^ ^^\uxc 



7.2.1 Notation 

Let us number all a-strips that intersect 11 as Pi, P2, Pn (there are only finitely many such stripes, 



Sec 2.3.2) as shown on the picture 10 so that we number the strips from the left to the right. The 



strips Pi and Pn are necessarily half planes. 

7.2.2 Prescription of 0n|(nnPi)xC 

We have an identification 

^^InnPi = (^'^IpJIcnnPOxC = (A^+ * 5+ © A^- * S^)\^unP,)xC- 
This identification gives rise to a map (embedding onto a direct summand): 

A-^^ * S+ ^ ^^l(nnPi)xC- 
We assign i?!'nl(nnPi)xC to be this map. 

Remark. In the section 7.2.3 we will inductively extend this definition to the whole 11 x C. Construc- 



tion of (f>Yi '^ill be performed in section 7.2.5 An attempt to construct (pjj starting from a prescribed 
map on (IT n Pi) X C fails. 
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7.2.3 Extension of to nx(i 



For a subset ^ C C, set A := (11 n ^) x C C 11 x C. 
Let us define (/>^ by constructing maps 

which agree on the intersections: 



We have identifications 



Jk+i\PknPk+i - Jk \Pkr^Pk+l■ 



coming from the gluing construction of ^k- 
We have 



i'k\PknPk+i - ^fc+i|PfcnPfc+i ° J- , 



where rJ^/'=+' is as in (44) 



We can now prescribe in the following form: = o where 



: A^+ * 5+|p, ^ (A^+ * 5+ e A^- * 5_)|p, 



The agreement conditions (183) now read as: 



^k+l \PknPk+i - -I $x «fc iPfcOPfc+i 



(183) 



(184) 



(185) 



The assignment from the previous subsection means that if is the identity embedding onto the direct 
summand. Let us construct the remaining maps inductively. Suppose has been alre ady defined. 
According to Claim (7.6), the map L^'^'^+^i^lpj.nPj.+i extends uniquely to Pk+i by Claim 7.6 
(this is where the choice of + sign is crucial). We assign i'l^.i to be this map. It is clear that thus 



defined map satisfies ( 185 ) so that the maps j^^i give rise to a well defined map (j)^, as we wanted. 



Let us denote by : A^+ *S+\p^^ A^+ *Sj^\p^^;if : A^+ * S+ \ A^" * 5'- 1 P^ ; the components 
of the map if . 



7.2.4 Estimate 

For k = 2, n — 1, denote by the diagonal vector of the parallellogram n 11 such that G Inti^ 
(there is a unique such a diagonal vector). Let en ^ Inti^ be a vector such that G £jj + K for all k. 

The following Claim can be now proved by a direct computation. 
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Claim 7.8 1) i^^ = 1 mod F^n y^r all k = 1, n. 

2) Let TZn C {1, 2, n— 1} consist of all k s.th. P/^CiPk+i goes to the right. We then have a transform 



pPfePfe+i . f^K 



where r;^*i^''+^ is the corresponding component o/r^^''+\, which extends uniquely to Pk+i U ... U P„. 



PfcHPfc+i, 



pPfePfc+1 same as , where £ = PkCi Pk+i from (48). 

We then have: 



E 

fe'e7^^; k'<k 



(186) 



7.2.5 Construction of (j)-^ 

The map (j)^ is constructed in a fairly similar way (the major difference is that we need to start the 
construction from P„ and then continue to the left until we reach Pi. 

Similar to above, we define 0^ in terms of the restrictions to P^'- 



where it is the same as above, see (184), and 



: A^- * S- |p, ^ * 5+ e A^- * 5_ |p. 



We have the following analogue of Claim 7. 

Claim 7.9 Let en G Int K he as in Claim 1.8. We have 1) = 1 mod F^^ for all = 1, ...,n. 

2) Let £n C {1, 2, n — 1} consist of all k s.th. Pk H Pk-i goes to the left. We then have transform 

^Pk-iPk . ^K- ^ S-\ p^r^p^_^ A^+ * 'S'+l p^nPfc-i 
which extends uniquely to Pk-i U ... U Pi. We then have: 

i^+ = - T^'i-'^'-' modF^n. 

k'eCn; k'>k 



7.2.6 The map (/)n is an isomorphism 



Now that we have constructed the maps 4>n\Ph from (182), let us prove that they are isomorphisms. 
We can write 

(t>n\i\ = t'k°inPk, (187) 

where inp^ is an endomorpism of K^~^ *S-\-®K^~ *S-\pi^ whose components i^^ have been constructed 
above. We will abbreviate inp^ = ik- The problem reduces to showing invertibility of it- 
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Figure 11 



Let us use the matrix notation 



,•++ 



We have 



as follows from Claims and uM 
Lemma |7.4| implies that 



G End 



1 il 



(188) 



ir 



It now follows that X := { 



is invertible (Sec 



7.1.1) 



We can multiply (1 1881) by X -"^ so as to get: 



ikX-^ = Id, 

which implies that ikX^^ and, thereby, ik is invertible. Furthermore, we get: 



1 -i 



(189) 



7.3 The maps 0ni? 4>n2 for a pair neighboring strips Hi and 112 

Consider now the neighboring strips Hi and 112 and let £ = Hi Pi 112. Let us find the relation between 
$^J^ aiid ^n2l^' Suppose £ goes to the right, fig. [iT 
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We have a canonical isomorphism 



Hmu2 ■■ (^'bixc)!^ - (^In2xc)k- 



Using the isomorphisms cl)ni,4'Ti2 (182), we get an isomorphism 



^nin2 := (t>n2 l^xc ° HuiU2 ° 0ni \exc '■ 



£xC- 



(190) 



Let Pi, P2, Pn be all a-strips which intersect fig, 1 1 We then have commutative diagrams 



* 5+ e A^- * 5_ 



A^+ * 5 , e A^^'- * S- 



A^+ * 5+ e A^- * 5_ 



which implies that 

These formulas determine AyiiU2- L^t us compute: 

^naPfc ° ^niHalmPfc = miPfcknPfc 

1 



1 



niHaknPfe 



niPfc 
1 



Formula (188) yields 



-1 



'naPfc 



Therefore, 



niHakoPfe 



'naPfc 



'naPfe 

1 



1 

*niPfc 



^niPfe %2Pfe 



%lPfe %2Pfc 



'niPfe 
1 



enPk 



7.4 



because o o = and iri^n o „ = by Lemma 

n2Pfc iiiPfc n2Pft niPfc 

Let us, cf. figjll[ number all the a-strips that meet Hi or 112: 



P^\P,Po 



Pr, 



T)Il2 pn2 pii2 p p p 



n2 



Let us also set P^^ := P^^ := Pi. Lemma 7.8 yields. 



7^2 



(191) 



'niPk 



i<fc 



m<0 
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l<k m<0 

where only those terms are included into the sums, for which the intersection ray of the corresponding 
a-strips goes to the right. Hence, 



m<0 



m<0 



Let £ := Hi n Ii2 be of the form {c{t) + re"*" r > 0}. 
It now follows that 



Thus: 



A 



(192) 



This means that the same is true for j4nin2k- 
Let us write ^111112 the matrix form. 



(a 



A 



nin2 



4++ 
^nin2 



A 



nin2 



A^- * S_ 



Lemma 



7.5 



implies that ^niri2 ~ ^' Iiideed, the corresponding map is defined on an unbounded set 
Hi n since the intersection ray goes to the right, we are under the conditions of the case i) oi that 
Lemma. 

Let us summarize our findings. 

Claim 7.10 Let Hi, 112 he neighboring strips and £ = Hi n n2 goes to the right. Assume that Hi is 
above Ii2- Then 
1) the map 



-4nin2 



A^+ * S, 



is of the form 



-4nin2 



A^+ * 54 

e 

A^- * 
\ 



^nin2 
"^nin2 '^niU2 



^) Mhn2 = ^nin2 = ^'^ ' ^rii 



Hi and 112 o-nd P^^ is the rightmost a-strip that meets Hi hut not 112. 



n2 



p i Pi 



; where Pi is the leftmost a-strip that meets both 
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Similar result holds true in the case when the intersection ray Hi n 112 goes to the left (proof is 
omitted). 

Claim 7.11 Let 111,112 be neighboring strips and £ = Hi n 112 goes to the left. Assume that Hi is 
below 112. Then 
1) the map 



A 



is of the form 



A 



nin2 



2) ^nin2 ^ ^nin2 ^ ^nin2 ^ ~-'^-+ where Pi is the rightmost a- strip that meets both lii 
and 112 o-nd P^^ is the leftmost a-strip that meets Hi but not II2. 



7.3.1 Identifications 



Let^ = ninn2,^e£-". 

In the notation of section 



3.10.2 



we can identify Se — 5a-i{^); : Su, — )■ 'S'A-i(t«) for every w G W. 
For a word w = in - • • i-iL or w = • • • hR, set \w\ := n (we set \L\ = \R\ = 0). 

Let Cw ■= {—l)^^^Bw : — ^ 'S'a-i(u,). 

Let us define identifications 

B±, C± : 5± -)• S± 

where 

^±\s^ = ^w, C±\ 



I e — Cm . 



We can conclude from 2)s of Claims 7.10, 7.11 that 



^nin2 = C ^r^J^^C, 



where rjj^^^ as in (58). 



(193) 



(194) 



7.4 The isomorphism : — )■ <l>^ 



Using the above developed results, we will construct a map : — )• which satisfies (177) 
(recall that such a map is unique). Equivalently, for each (— a)-strip H, let us specify maps 

which agree on itersections: if Hi n 112 = £ 7^ 0, then we should have: 

-^<i"i',nil£xc = -^<i'<J',n2l£xc- (195) 
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Let us now reformulate condition (177). 



Let Po be an a strip and Ho be a — a-strip such that xq G Po H IIo (these strips are unique). 

Denote := ZxqxK, cf.([29]). 

Let 



,■0 . -pK 
,■0 . -tK 



l(nonPo)xc; 
l(nonPo)xC 



be the restrictions of Since Jq is supported on (IlonPo) x C, the condition (177) is equivalent 

to: 

(196) 



-^>i'*l(nonPo)xC^^ — 



We have identifications 



In ■■ *S+e A^- * 5-|nxc ^ Inxc 



(/>n : * 5+ e * 5'_|nxc ^ inxc- 
Here in is defined similarly to (184) but for S±, and (— a)-strips instead of S±, and a-strips; 



and (/)n is as in (182). 



One can now equivalently look for I^^^ji in the form: 



(197) 



where 



Un : A^+ * 5+ e A^" * 5_|nxc ^ A^+ * 5+ A^" * 5_|n 



xC 



is to be calculated. 



Since IT satisfies both i) and ii) in Lemma 7.5, we have 

Homuxci^^^ * S±;A^^ * S^) = 0. 

Thus, we must have: 



Using (190) and (57), we rewrite the gluing condition (195) as follows: 



Un 



2KX(! 



(198) 



(199) 



Let us now rewrite the condition (196) (from now on all our maps are restricted onto (XIq H Pq) x C, 
unless otherwise specified). Let 



A^+ * SlBA"^- * Sr 



K- 



be the map given by the left arrow in (52). Let : — >■ A^"^ Si^\ v : — )• A^ * Sl be the 
components of v. 

We have the following obvious embeddings: 

II : A^+ * 5l ^ A^'+ * 5+ e A^- * 5_; 1r: A^" *Sr^ A^+ * 5+ k^- * 5_; 
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Il : *Sl^ * ^+ e A^^~ * 5_; Ir: A^' *Sr^ * S+ e A^' * S-. 



The formula (187) can now be rewritten as 

<Ano = /-Po^noPo- 

We, therefore, can split 

4 = ^PoUl ®Ir)i^ = (l^noinoPo^lL lR)iy. (200) 

Next, we have 

4 = ^no(-^L © Ir)'^- 



Combining (197) and (200), we have 



so that the condition ( |196 ) is equivalent to the condition 



?7no (/l © Ir)!^ = inoPo (^^ © as maps J-q^ ^ A^+ * 5+ A^" * 5_ |noxC ■ (201) 
Denote 

%oPo(^i®^«)^ 
Let us make this condition ( 201[ ) more specific. 



10- 



Lemma 7.12 Let J : ^ (A^+ * 5+ A^' * S'_)[2] 5e an arbitrary map in D((no n Pq) x C). 
There exist unique maps 

J+ : A^+ * Sl ^ A^^+ * S+; 
J- : A^- *Sr^ A^- * S- 

such that 

Proof We have identifications: 

/3 : RHomc{'LK]i^l{A^^ * S+® A^- * S^)) =^ 

^ RHoniciZKlil^iA^-^ * S+ A^- * 5_)[2]) ^ RHom{F^; (A^+ * 5+ A^" * 5_)[2]), 
where : C — )• (flo H Pq) ^ C is the inclusion s i— )• (xq, s). Consider two more identification 

a+ : ii/7om(A^+*5L; A^+*5+) 4 i?/7om(i-^A^+ ^-^^^ * 5+) = i?//om(Zi^; i^,,iA^^+ * 5+); 

a" : RHom{A^- *Sr;A^- *Sr) ^ RHom{i;,^A^- * SL;i^^A^'^- * S-) = RHom{ZK;i^^A^~ * S^); 
and let a = a"*" a~ . Then we have a chain of identifications 

RHom{A^+ * Sl; A^+ * S+) RHom{A^- * Sr; A^" * S-) 

4 RHomci^K-, «xo (A^+ * 5+ A^- * 5_)) 

4 RHom{F^- (A^+ * 5+ A^" * S_)[2]). 
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Let 

7 : RHom{A^+ *Sl; A^^ *S+)eRHom{A^- *Sr; A^- *S-) RHom{T^ ; A^+ *S+eA^- *S-)[2]) 

be given by the pre-composition with i'. One can check that 7/? = a so that 7 is an isomorphism. 
The statement now follows. □. 



Let Iq denote the maps obtained from Iq by means of lemma 



7.12 



Observe that the maps Iq 



uniquely extend from (IIo H Pq) x C onto XIq x C. Denote the resulting extensions by the symbol 
I± : * Si/fllnoxc ^ * S+ A^" * 5_|noxC. 



Rewrite the condition (201) in the form: 



It now follows that the condition (201) (and thus also (177)) will be satisfied iff 



C^nolA^+*5r 



(202) 



Indeed, the implicaton (202) ^ (201) is obvious, and (201) ^ (202) follows from (198) 



7.4.1 Estimate 

Let us prove the following estimates: 
Claim 7.13 



1+ = II; I 



Ir. 



(203) 



Let us bring the current notation into correspondence with that in Lemmas 7.8|7.9 Set 11 := XIq. Let 
us denote all the a-strips intersecting 11 by Pq, Pi, . . . ,Pn in the order from the left to the right, in 



the same way as in Lemmas 7.8, 7.9 Suppose that Pq = Pk so that inoPo = the notation of 
Lemmas 7.8||7.9 

= Id + oo, where ao is an endomorhipsm of A^^^ * S+ © A^^ * S-. Let 



Let us now write i 



nnPn 



a := ao{lL ® Ir)!^- Our statement now reads as a+ = 0; a = 0. 
According to ( 189[ ), we have 

ao = 











so that 



^lL®ik^lR>- 



(204) 



Let us now examine the map I^v. We have 

i^-lL : A^+ * ^ilnonPoxC ^ A"^" * 5_ 



HonPoxC 



right 



where, as in (37), (38), A{K,w) := {{z,s)\s- z K + c{w)} C (HonPo) x C. 
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As above, let W^gj^^. C W^^gj^^. consists of all w such that A{K, w) C A{K, L), where 

A{K,L) = {{z,s)\s + z-xo eK} C (HonPo) x C. 
Let Ew ■ ^A{K,L) ~^ '^A(K,w) be the corresponding map of sheaves. We then have 

right 

where for each {z, s) G A{K, L) there are only finitely many w such that Uu, ^ {) and (z, s) G A{K, w). 

Let A be a unique vertex of the parallelogram XIq H Pq such that Ho H Pq C A + K. The condition 
A{K,'w) C A{K,L) is then equivalent to 2A — xq + c{w) £ K, or c{w) + xq = —2{A — xq) + 
where £ K. Observe that xq — A £ IntK because xq € Intllo H Pq- It now follows that for each 
w e W^gj^^, the map EyjV^ : Fq — )• 1i_a{k,w) factors as 



K- * Sr = Z 



A{K,R) 



^{(z,s)|s-z+xo+2(A-xo)e-ft'} ^{(z,s)|s-z+xo+2(A-xo)-eu.G-ff} 



where all the arrows except the leftmost one are induced by the closed embeddings of the corresponding 
closed sets. It is easy to check that the sum ^ n^Fyj gives rise to a well-defined map 



J : 



^{(2,s)|s-z+xo+2(A-xo)G 



w] 



right 



Let 5 := 2{A - xq). We have 6Z{(2^s)|s_^+xo+2(A-xo)ex = Ts^'^a{k,r)- Let ts : 'Ija{k,r) Ts*Za{k,r) 
be the map induced by the closed embedding of the corresponding closed sets. We then have a 
factorization 

which implies that I^v)^ = Jts = 0. Similarly, one can check that (i^^IjiuY 



0, which, by 



virtue of (204), that a = 0. □ 



7.5 Inductive construction of the maps Uu- 



We will now construct the maps Uu satisfying ( 199 ) and ( 202 ). Taking into account ( 198 ), it is possible 
to construct Uu in terms of its components 



C/ff : *Syj^ * S+, for all w £ W-^^; 
U^ : K^' * ^ A^- * for all w £ WT^^j^^. 



7.5.1 Rewriting the gluing condition 



Let us rewrite the conditions (199). 



Case 1: £ goes to the left and w £ Wj"f^ (set it = + on both sides of (205)) or £ goes to the right and 
w £ W^jgj^j. (set ± = - on both sides of p05| )) Let us rewrite ([T99|: 



TTW I 



Au,n,U^,\exc ■ * ^ A^± * 5± 



£xC- 



(205) 
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Every map as on the RHS extends uniquely to 112 (Lemma 7.6 ) 
so that we can equivalently rewrite 

where ext means the extension onto 112. 
Case 2: 



(206) 



goes to the left and w £ W^^gj^^ (set ± = — ) or £ goes to the right and w £ (^^^ ± = +): 

(207) 



ttW I 



r;k"^(^nikxce^?(n2,ni)c/A'^|,xcivr), 



where A''^"' : * ^ * Siw is as in ( 43 ) . 

Recall that ^n^ri2 ~ ^ Claims 
Sec 13X51) 



7.10 



7.11 



so that we can rewrite the RHS as (using notation from 



So that we have (by separating + and — components): 



A^fnU^,Ux€ + iS;^n/(n2,ni)[/^7|,xcA^r) = o. 



(208) 
(209) 



As above, (208) can be equivalently rewritten in the same way as (206). 



Let us rewrite (209): 



£w I a™ 
HikxC^v^ 



Given a map K : A^^ * Su)\e — A^^ * Sz^\i, one can uniquely factor it as 



where IC' : A^^ * Si^le A^^ * (Sec 7.1.3) which extends uniquely to a map 



by Lemma 7.6 In view of this remark, we finally write 

<=(-^(n2,ni)iSJn,^^rn.f^nJ 



ext 



(210) 



Let us summarize. Gluing conditions (199) can be equivalently formulated as follows: 



For every pair of neighboring strips Hi, 112, £ = Hi 0112, we have (206). In the case (207) we also have 



(210). 



Condition (206) implies that 



Hal 



TTW 



(211) 
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7.5.2 Constructing f/ff 



Let us proceed by the induction in the length of w. In the case 11 = Ho and w = L or w = R, U^^^ is 
determined by ( 202 ) . 



Given an arbitrary strip 11, there is a unique sequence 

Ho, Hi, . . . , Iln 



n 



(212) 



where all 11^ a re different and Ilj n Ilj+i ^ (because the graph formed by the strips is a tree). 
Formulas (206) (applied for all pairs XlijITi+i) determine U^, for all 11. 

Suppose that for all words w of length < N. Let w = iw' be a word of length + 1 (so that the 



length of w' is N). Let £ = Hi n 112. The formulas (210) determine U^_^. Given an arbitrary strip 11 
we can join it with Hi by a path and define using " poe) ) in the same way as above. 



7.5.3 Estimate 

We are going to prove the following estimate. Let 11 be a strip. Consider a map C = C_|- U C_, cf. 



(193). We win prove 



Claim 7.14 



= CI^ = (-l)l"'l/„ 



Proof. Let us use induction in If w = L or w = R and 11 is arbitrary, the estimate follows 



from (211). Suppose that the estimate is the case for all w with \w\ < A^. Let now \w'\ = + 1 and 



w' = Iw, \w\ = N. Let i = Uin U2. 



Combining 210 and the inductive assumption, we have: 



1IT94I 



oxt 



w\i^ I I— i9(n2,ni)C ^Anj^ji2CIw\ 

ext \ / ext 



ext 



-^(n2,ni)rH,n,k)ext 



^(iV, 



and (211) allows us to extend this equality to other strips. □ 



7.5.4 Proof of Proposition (3.6) 



Let us first find an expression for the maps Jnp as in (178). We have 

InnPxC'^n^lnnPxC 



T I ^ A \ TT \ ~-M ^ \ ■ TT \ ~l\ 

j^^.nlnnPxC — <Pn|nnPxCt^n|nnPxC''n InnPxC — ''<i>p|nnPxC*np(^n|nnPxC'-,jnlnnPxC- 



(213) 



Comparison with (178) yields: 
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Jnp = ^npC^nlnnP- 



We then have (for every w G W'- 



by Claim 7.14 



Let us write 



as 



w') 



inplu 



,np 



IS 



where the sum is taken over all w' such that A{K, w') C A{K, w) and e^jw' '■ '^a{k,w) ~^ '^A{K,w') 
induced by this embedding. We are to show that m^^, / implies that A{K, w) / A{K, w'). Assume, 
on the contrary that A{K, w) = A{K, w') for w, w' E W". Since PR 11 7^ 0, this is only possible when 
w,w' £ W^gj^^ or w,w' G Wg^^. Suppose w,w' £ W^^j^^. Lemma 



7.8 



then implies that either w' 



or c{w') — c{w) G IntivT, i.e. w / w' , as we wanted. The case w, w' G VVj"^^ is treated in the same way 



by means of Lemma 7.9 □ 



Acknowledgements 

A.G.'s work was supported by World Premier International Research Center Initiative (WPI Initia- 
tive), MEXT, Japan, and the travel expenses were partially covered by NSF. 

D.T.'s work was partially supported by NSF. 

Both authors are profoundly grateful to Prof. Boris Tsygan for discussions and encouragement of this 
project. We thank Professors T.Kawai and Y.Takei for their valuable feedback on this manuscript. 



References 

[AKT91] T.Aoki, T.Kawai, Y.Takei. The Bender- Wu analysis and the Voros theory, Special Functions, 
Springer- Verlag, 1991, pp. 1-29 

[EvFe] M.A.Evgrafov, M.V.Fedoryuk, Asymptotic behaviour as A —)• 00 of the solutions of the equation 
w"{z) — p{z, X)w{z) = in the complex z-plane. Russian Math. Surveys 21 (1966), no. 1, 1-48. 

[G09] A.Getmanenko, Shatalov-Sternin's construction of complex WKB solutions and the assosicated 



Riemann surface. arXiv: 0907. 2934 



[KS] Kashiwara, Schapira. Sheaves on manifolds. 

[KKll] S.Kamimoto, T.Koike, On the Borel summahility of WKB-theoretic transformation series, 
preprint (RIMS-1726), 2011 

[MacLane] S. Mac Lane, Categories for the working mathematicians. 2nd Edition. 



104 



[Sell] P.Schapira, Microdijferential systems in the complex domain. 

[ShSt] B.Yu. Sternin, V.E. Shatalov, Borel-Laplace transform and asymptotic theory. Introduction to 
resurgent analysis. CRC Press, Boca Raton, FL, 1996. 



[T08] D.Tamarkin, Microlocal condition for non-displaceablility. axXiv: 0809. 1584/1 

[V83] A.Voros, Return of the quatric oscillator. The complex WKB method. Ann. Inst. H.Poincare 
Phys. Theor. 39 (1983) 



105 



